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ABSTRACT

This research is concerned with the synthesis of a linear system
called a shaping filter which transforms a white noise input into a
possibly nonstationary output random process with a given auto-
correlation function, The determination of a shaping filter provides a
. solution of the so-called factorization problem.

Conditions are developed which, if satisfied by an autocorrelation
function, guarantee a solution of the factorization problem. The method '
of factorization requires the formulation of a matrix Riccati equation.
Coefficients of the shaping filter are easily related to a solution of the
Riccai equation. In order to formulate the Riccati equation, new results
concerning the mean-square differentiability of a random process are
developed and proved. Autocorrelation functions which admit factori-
zation are characterized by easily applied criteria which do not depend
explicitly on the non-negative definite condition. a condition necessarily
satisfied by any autocorrelation function.

An upper bound is derived which, if satisfied by the initial con-
dition for the Riccatiequation, insures that the solution of the Riccati
equation, and hence of the factorization problem, is defined globally.

If the condition for a global sclution of the Riccati equation is satisfied
and if the given autocorrelation function is bounded, then the shaping

filter will be stable in an appropriately defined sense.
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In order to broaden the class of autocorrelation functions which
admit factorization. cases are considered for which the Riccati equation
has an isolated singular point. and for which the Riccati equation is
undefined everywhere. In the former case. sufficient conditions are
developed which insure that the Ricceti equation has a solution continu-
ous at the singular point. In the latter case. the factorization problem

has an algebraic solution.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

It is often convenient to model é random prodess as the result of a
linear filtering operation on stationary whife noise. Such a represen=
tation has proved invaluable when applied to many signal processing
problems, especially those associated with the theory of filtering and
estimation of random signals [1.1 - 1.6]. In such applications, the
given random signal or process is frequently specified only by its auto-
correlation function., For example , optimal estimation problems involving
a minimum mean-square error criterion invariably may be stated in terms
of appropriate autocorrelation and cross-correlations of given random
variables or process [1.7]. In such cases, the statistical description of
a random process given solely in terms of its sleconc.i-order properties, i.e.,
its autocorrelation function, clearly suffices for- the purpose of solving the
estimation problem.

A more physical description of a random process with a given auto-
correlation function employs a linear system called a shaping filter which
transforms stationary white nbise:int‘o a process having the given auto-
correlation function. By introdﬁcing shaping filters, great simplicity has
been achieved in the formulation and solution of many estimation, filter-

ing, and prediction problems. Wiener [ 1.1] used the shaping filter



concept implicitly, and more recently, Darlington [1.9], Kalman and
Bucy [1.61, and others used it explicitly. Clearly, in order to under-
stand the generality or the limitations of a shaping filter description of
a random process, one must investigate the possibility of transforming
a statistical description of the process into a shaping filter description,
The so-called factorization problem, concerned with determining a
shaping filter from a given autocorrelation function, is the primary

subject of the present investigation.



1.2 Problem Formulatidn and Background

For stationary random processes, the factorization problem has
well-known frequency domain solutions. General solutions are given by
Wiener [1.1], and Doob [1.8], and solutions for the case of a rational
power spectral density are given by Wiener [1.17], and Bode and
Shannon [1.27. In the latter case, the shaping filters may be realized
by the interconnection of a finite number of lumped elements. For
purposes of simulation of computation, the latter case has great practical
significance.

If the given autocorrelation function corresponds to a nonstationary
random process, the factorization problem becomes particularly interest-
ing and challenging. Although previous investigations of the nonstation-
ary factorization problem have met with varying degrees of success, the
problem has not been solved in general. A cc:mmron assumption among
these investigations, as well as the preseﬁt one, is that the random
processes under consideration are nonstationary analogues of those
considered by Bode and Shannon. In other words, a shaping filter is
represented either by a single linear differential equation of order n, or
more generally, by a set of first-order linear differential equations in
"state-variable" form with time-varying coefficients.

Among the first and most significant contributions to the solution
of the factorization problem is that of Darlington [1.97. Darlington

assumed the existence of a single n-th order differential equation model



for the shaping filter. Using the algebra of time-varying differential
operators, and a method analogous to that employed by Bode and Shannon,
he exhibited global solutions of the factorization problem, provided that
the time variations involved were suitably defined and restricted. The
coefficients of the shaping filter may be obtained from the solutions of a
related linear differential equa.tion.

Batkov [1.107, at about the same time as Darlington, proposed an
algebraic solution of the factorization problem. However, according to
Stear [1.117, Batkov's method fails except in certain special cases.
R.P. Webb, et. al. [1.12], considered a state-variable solution of the
problem. Their solution too appears to be invalid excépt in special cases.

Other relevant investigations are those of Kalman [1.137, Stear
"[1.117, and Anderson [1.147, and are concerned with state-variable
formulations. Although Kalman did not solve the factorization problem,
he was able to establish a formal definition of the problem. The results
of Stear and Anderson, although derived by different methods, are similar
and appear to provide a first step in demonstrating the existence of a
factorization for the general nonstationary case.

A shortcoming common to all these investigations in that they fail,
in varying degrees, to relate the existence of a shaping filter to appro-
priate properties of the autocorrelation function. That is, the question
of how to characterize the class of autocorrelation functions which admit

factorization has thus far gone unanswered. The present investigation



may be regarded as an attemptr to Idevelop a formal realizability theors.f
for shaping filters having a state-variable representation. A factori-
zation technique is presented based on a set of criteria to be sati.sfied
by an autocorrelation function, and leading to a shaping filter with real-

valued coefficients.



1,3 Summary

The state-variable representation of a system is more general than
a single n-th order differential equation representation because the
latter representation implies that a stringent observability condition
must be satisfied by the system. In Chapter II, a state-variable model
without feedback is derived fdr the shaping filter. The factorization
problem is defined with respect to this model, and appropriate properties
of the cutput autocoﬁelation function are derived.

A factorization technigque valid on a finite interval is developed in
Chapter III. By assuming that the autocorrelation function is sufficiently
differentiable, the coefficients of the shaping filter are related to the
solutions of a matrix Riccati differential -equation. In order to formulate
the Riccati equafion, new results concerning the mean-square differenti-
ability of a random process are developed and proved. By utilizing a set
of linear constraints, the order of the Riccati equation may be reduced.

If the shaping filter can be represented by a single n-th corder differential
equation, then the reduced Riccati equation, which is non-linear, may be
transformed to a linear differential equation valid on the entire interval
of interest. The order éf this linear equation is the same as the order of
the equation considered by Darlington.,

.Since the Riccati equation is non-linear, its solutions may have a
finite escape time. In Chapter IV, conditions are developed which

insure that a solution of the Riccati equation, and hence a shaping filter,



exists globally. An important giobal property is stability. Stability of
the shaping filter is defined in the sense that a square-integrable input
produces a bounded output. If the given autocorrelation function is
bounded, the shaping filter will be stable in the sense described pro-
vided that the conditions for a global solution of the Riccati equation

are also satisfied. One of the most interesting results obtained provides
a characterization of the autocorrelation functions which admit factori-
zation. The characterization, related to the factorization technique
employs a set of easily applied criteria. These criteria do not depend
explicitly on the non-negative definite condition which, as is well-known,
must be satisfied by any autocorrelation function.

In Chapter V, the class of autocorrelation functions under con-
sideration is broadened. Cases are considered for which the Riccati
equation has an isolated singular point, and for which the Riccatl equation
is undefined everywhere on an interval. In the former case, conditions
are established which insure that the Riccati equation has a solution
which is continuous at the singular point. In the latter case, the factori-
zation problem has an algebraic solution. Autocorrelation functions in
this category include those corresponding to random processes which may

be represented exactly by a truncated Karhunen-Loeve expansion.
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CHAPTER II

THE STATE-VARIABLE MODEL

2.0 Intreduction

This chapter introduces the definitions and mathematical
limitations relevant to the treatment to follow and presents some
basic results which help to define the factorization problem in a
simple and concise fashion. Although many of the results discussed
in this chapter are known, the proof of Theorem 2.1 and the results
which conclude Section 2.3 do not seem to have appeared in the

literature previously.



i1

2.1 Representation of the Shaping Filter

The class of shaping filters to be considered includes those

which may be represented by the set of linear differential equationsT
Z(t) = A(t) z(t) + B(t) u(t) (2.1a)
y(t) = Ctpz(t) . " (2.1b)

The input u(t) is a real-valued r-vector (column matrix) repre-

genting a zero mean white noise process, so that
Efutyut(ny=16¢t-1) , (2.2)

where E denotes expectation, Iis anrxr identity matrix and §(t-1T) is
the unit impulse “function”. The "state” z(t) is an n-vector, and the
output y(t) is a scalar. The coefficients A, B, and C are canformable,
real-valued matrices of appropriate order which generally vary with time.
The shaping filter corresponding to equation (2.1) is assumed to be
casual, i.e., non-anticipative. A block diagram of (2. 1) appears in
-Pigure 2-1,

The class of systems represented by (2.1) generate random
processes which in general, are nonstationary analogues of the random
processes considered by Bede and Shannon [2.17. That is, if the co-

efficients A, B, and C are constants (for all time) and if the shaping

TThe superscript t will be used to denote’ matrix transposition and the
symbol Z(t) the first derivative of z{t). When the context is clear, the
explicit dependence of a function on its argument will be suppressed,
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STATE-VARIABLE MODEL OF A SHAPING FILTER.
HEAVY ARROWS INDICATE VECTOR-VALUED

QUANTITIES.
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filter correspondiné to equation (2.1) is stable, then, in the steady state,
the output pfocess v(t) is stationary and its power spectral density is a
rational function of frequency.

Equation (2.1) represents a system which may be realized by the
interconnect_ion of a finité number of linear, lumped, time-variable
elements. Furthermore, equation (2.1) is the most general representation
of such a system. 1

Despite the generality of (2.1), it is convenient to recast this
equation and represent the system without feedback of the state variables.
Let U(t) be a fundamental matrix solution [2.37 of equation (2.1a); that
is, U(t) is an everywhere nonsingular solution of the associated homo-
geneous eguation

| Ut) = AU . ' ' (2.3)
If a new state vector x(t) is defined by_
z(t) = U(t) x(t) , (2.4)
the system (2.1) may easily be transformed to

x=8u (2.5a)

where the matrix 8 is given by

B(t)y = U (1) B(t) , ' (2.6)

T The case where there is a direct connection from input to output is ex-
cluded from consideration here since techniques somewhat simpler than
those developed in the present work may be used to accommodate the

cage of a direct connection [2.2].
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and the vector ¢(t), by

'ty = ¢y U . 2.7

A block diagram of (2.5) appears in Figure 2-2. If 2(t;) represehts an
initial value of the state variable in equation (2.1) then the response

of the shaping filter to an input u(t) may be written as

t
y(t) = G5 Ut UMty 2(t0) + [ (1) V(W) UTHmB(mu(r)dr (2.8)
t

(o]

or, in terms of the quantities in (2.9), as

t
y(©) = 8"t x(to) + [ 970 B(r)u(r) dr (2.9)
to

The representations of the shaping filter in equations (2.1) and (2.5) are
equivalent, as is well known [2.4]. The shaping filter has the impulse

response

¢t (t) B(m) fort =271
hit, ) = ‘ (2.10)
0 fort<rT

as is evident from (2.9). The function h(t,7) is an r-vector, where r
is the dimension of the input u(t).

Although the shaping filter representation in (2.9) is general and
mathematically convenient, it is often unsuitable for practical simulation.
For example, asymptotic stability of the state variable is not generally
preserved by transformation (2.4). However, the theory of equivalent
systems is sufficiently well developed to indicate when the system repre-
sented by equation (2.5) has an equivalent but practical realization

[2.5, 2.6].



u(t) x(t)

_—_—_.Dh B(t)

$ (L)

15

— y(t})

FIG. 2-2 STATE-VARIABLE MODEL OF A SHAPING FILTER WITH
FEEDBACK ABSENT. HEAVY ARROWS INDICATE

VECTOR-VALUED QUANTITIES
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2.2 The Factorization Problem

In what follows, it should be assumed that the initial value of
the state variable x4 = x(t,) is derived from a zero-mean random
variable uncorrelated with the white noise input u(t). The output y(t)
is then a real-valued, zero-mean random process with autocorrelation

function
r(t,7) = E[ly(t)v(m)] . (2.11)

For purposes of analysis, one may calculate r(t,7) in terms of
the coefficients ¢(t) and B(t) in a straightforward way [2.7]. 1f(2.9)

is written as
t
y(t) =o' W+ [ hEMumdr (2.92)

to

then r(t, T) may be expressed as

t

r(t, ) =E[(¢t(nxo + I het, 2 u(l)d)X(bt(f)xo +JTh(T,§)U(§)d§>t:|. (2.12)
| t t -

o]

Since, by assumption,

Efu(tyx,1= 0 , (2.13)
the autocorrelation function in (2.12) becomes

t.r
ftm) = 00 Elxoxa 18+ [ [ BEA B (1, 06(-2jdgdX (2.14)
t, “to \

where the impulse function in the integrand results from (2.2).
Assume that for the momént that t' >T. Performing the inte~
gration with respect to the variable € iny(2,14) yiélds

=gt t t t
r(t,7) = 8 (1) EXo %, 18() + J, h(t,})h (7,X)dA
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However, the shaping filter is assumed to be causal, which
implies that h(T,x) = 0 for all A > 7. Therefore the upper limit t of
the above inteqral may be replaced by T.

In terms of a matrix M(t) defined by

_ t t t
M(t) = Efxox 1+ [ BB (A aX, (2.15)
to -

the autocorrelation function is
f(tor) = 85 (0 M(T)YB(T) (2.16)
for t> 7. For 7> 1t, the above development may be repeated to yield
r(t,T) = B°(t) M(t) (7). (2.17)
Thus, combining (2.16) and (2.17), we have
r(t,7) = ¢%(t) M(min(t, 7)]o(T) . (2.18)
One may easily verify that the matrix M(t) is the ;ovariance matrix

of the state vector, i.e.,
M [min (t,7)] = E [x(t) x()] . (2.19)

where x(t) is the state vector of the shaping filter. The salient pro-
perties of M(t) are stated in the following Lemma, which generalizes a

result of Doob [2.8].

Lemma 2.1. Let a covariance matrix M be defined as in equation
(2.19), Then M is symmetric and
{(a) M(t) 20, forall t

(b) M(tz) - M(t) 2 0, forall t,2t, ..

TFor real symmetric matrices A and B, the matrix inequality A = B means
that the matrix (A-B) is non-negative definite.
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Proof: Symmetry of M(t) follows by equating t and T in equation
{(2.19).
To prove (a), let v be an arbitrary real-valued n-vector and note

that vt x(t) is a real scalar-valued random process. Then

VM(t) v = v E [x(t) x(t) Jv = EL[(v xt)?] 2 0
Part (b) is established as follows.

0 < ET(%ctay - Xctu) ( X(tzy - X¢tnyY)

Il

t t ot : t
E [x(tyy x (tny] +E [xctz) x (8] - E [ Xty X (tzy] - E [ x¢tay x ¢ty )
= M(t3) - M(ty).

~ The last equality follows from (2.19) .

Note that M(t) as defined by equation (2.15) is differentiable, so

that from the previous Lemma, M(t) > 0,

Definition 2.1. A symmetric, differentiable, real-valued matrix

M(t) will be called admissible if M(t) is non-negative definite, and

non-decreasing.

The development above makes clear that admissible matrices will
play a crucial role in what follows. According to (2.18), the function
r{t,T) bears a simple relation to the state variance matrix M(t). This
simple relation is exploited in the following Theorem, in which several

"~ important properties of r(t,7) are derived.
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Theorem 2.1. Let the relation

((t,1) = ¢'(t) MImin (t,7)18(7) |,
where M(t) is an admissible matrix, define a function r(t,r). Then
r{t,T) satisfies thé following:
Al, r(t,T) is separable; i.e., there exist real-valued vectors

@ (t) and ¥(t) such that

o'ty v(7), for t= 7
Ht,T) = { - (2.20)

st vy, fort< 7,
AZ2. r(t,T) is symmetric; i.e.,
r(t,7) = r(7,t) ,
and
A3; r(t,r) is non-negative definite; i.e., for any choice of instants
ty stz < ... ty , for any cﬂoice cf scalars a3, a2, ... Qs and
for any finite integer m, the following quadratic form is non-
negative:
m m
Q =Z z or(ty, t) @y 20 . (2.21)

i=1 j=1

Proof: The first assertion follows by equating

Yy=M¢g . (2.22)
Symmetry is apparent by inspection of (2.18). In order to prove the
third assertion, define matrices 8,, 8,, ...8 as

1
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A71 = M(tl) ’
A, = M(f) - M(t, ), fork=2, ... m

Then the quadratic form Q becomes

m - m . m m '
Q=) ) arity, tyo =) ) ey 8(t) MImin(t;, £)16(t) e

j.=1 j=l i:l j=1

Sy t. SR t
= z z a; ¢(t)) 8, ¢(tj)aj + z z oy ¢ ('ti)Agcﬁ(tj)aj T tan,® (t)AL .
1= j=1 i=2 j=2 '

A typical term in the above sequence of summations is

m m .
Z ) a8ty A, o) oy (2.23) .
i=k j=k
Since M(t) is admissible by hypothesis, each of the matrices &, for
k=1,2,.. m, is non-negative definite. Therefore, as is well known

rz.n], Ak possesses a generally non-unique, real-valued square~root

-

i

L L1 1
matrix. 8%, so that A2 Akzt = A, . Let ¢,(4) =Ak2 ¢(t;). In terms

of &), equation (2.23) becomes

m m ; . m :
)Y e et sktpay =] ) e o] =0,
i=k j=k i=k

where | * ]| denotes the Euclidean norm. Therefore, the quadratic form -

Q is a sum of non-negative quantities and is hence itself non-negative.

The first assertion of the above Theorem reflects the fact that the

shaping filter is a linear system having a finite dimensional state space.
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The second and third assertions indicate that r(t,7) is an autocorrelation
function. Indeéd, it is well known that an arbitrary function r(t,T) is an
autocorrelation function if and only if r(t,T) satisfies A2, and A3 of
Theorem 2.1 [2.10].

The following Corollary, an important consequence of Theorem 2.1,

is the well-known Schwarz inequality for random variables.

Corollary 2.1. Let y(t) and y(T) be real. scalar-valued random

variables, and let r(t,7) = E[y{t) v(7)]. Then

[r(t, 1] s r(t,t) r(r,7)
Proof. Let m=2', t, =t, and t; = T in assertion A3 of Theorem 2.1.

In the preceding discussion, a model of a shaping filter was defined
and some statistical properties of its state vector and output were derivéd.
The interesting and important problem is to proceed the opposite way; i.e.,
given an autocorrelation function r(t,7), determine the quantities x.,

#(t) and B(t) which define the shaping filter model of (2.5). The deter-
mination of these quantities will provide a solution to the so-called

factorization problem. PFactorization may be defined formally as follows:

Definition 2.2. A function r(t,T) satisfying conditions Al, and A2 of Theo-

rem 2.1 admits a factorization if there exists a random process y(t)

such that
r(t,7) = E[y(t) (7] .

where y(t) is generated at the output of shaping filter modelled by (2.5).



22

The following Theorem is now relevant, since it summarizes some
of the main points of this section. It is similar to a Theorem stated by

Kalman [2.717.

Theorem 2.2. A function r(t,T) satisfying conditions Al, and A2 of
Theorem 2.1 admits a factorization if and only if there is a vector

@(t) and an admissible matrix M(t) such that
t,7) = 9'(t) M[min (t,7)I(7)

in which case r(t,T) also satisfles condition A3.

Proof: The "only if" part of the theorem follows directly from
Lemma 2.1 and Theorem 2.1.

To prove the "if" part of the theorem, note that since M(t) is
assumed to be admissible, M(t) = 0. 'fherefore, a real-valued square-

root matrix 3(t) exists so that

B B = M(®)
Hence the coefficients of the shaping filter are determined. If t=t; is
chosen as the initial time, then a random initial value of the state x,
may be chosen from an ensemble for which

Elxo % 1= Mo = M(to)
If the rank of M, is at most unity, then it may be possible to assign a
deterministic value to X, .

Although the above specification of the matrix B(t) may not be
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unique, a shaping filter defined in terms of this quantity will generate

a random process y(t) possessing the specified autocorrelation function.

Implicit in Theorerﬁ 2.2 is the fact that if r(t,;v') can be shown, by
any means, to admit factorization, then from Theorem 2 1, r{t,T) must
be an autocorrelaticn function. This consideration will be explored further
in Chapter IV.

‘In order to proceed with the factorization problem, it is assumed

that a function r(t,T) is given satisfying the conditions:

Al. r(t,7) is separable
A2, r(t,rT) is symmetric, and
A3. r(t,T) is non-negative definite.
It will suffice to restrict attention to the case for whicht = 7.

Then, from Al, there exist functions ¢(t) and ¥(t) such that

r(t,T) = ¢t V() , fort=rT . (2.24)

The functions ¢ and ¥ are vector-valued with dimension n, where n
determines the order of the shaping filter model in (2.5).

If r(t,7) is to admit factorization, then r(t,T) must satisfy (2.18),
so that | | |

6" (t) ¥(1) = ¢t(t) M(r)e(T) - (2.25)

Assume that the n components &;(t}, ..., @,(t) are linearly independent

on T, the interval of interest, and assume a similar condition for the
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components of the vector ’Y.T If such were not the case, then ¢ and ¥y
might be replaced by vector-valued functions of lower dimension such
that equation (2.24) remains valid. In view of the assumed linear
independence of the components of ¢(t) in particular, the t and T
variations in (2.25) may be equated with the result that ¥ and ¢ are
related by

Y(H) = M(1) (1) | (2.26)

Equation (2.26) may be regarded as the basic equation to which an

admissible matrix solution M(t) must be sought in order to solve the

factorization problem and obtain the desired shaping filter. |
Before investigating equation (2.26) in generality in Chapter 111,

we will consider a suggestive special case in the next section,

T Unless otherwise specified, T represents a finite open interval.
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2.3 First-Order Shaping Filter

A first-order shaping filter is defined by requiring the given
functions #(t) and y(t) to be scalar-valued. The coefficient 3(t) will
then be scalar-valued. This case is imporfant primarily because its
simplicity lends insight to the general case. Although the first-order
case is relevant to the factorization problem, a detailed study of this
case actually appéars in the classic paper of J. Mercer [2.11] which
treats the theory of integral equations. The development below is based,
in part, on Mercer's work,

For a first-order shaping filter the autocorrelation function

satisfies
oty ¥(m, fortzrT

r(t,7) = (2.27)
e(ry¥(t), fort< 1 ,

where #(t) and ¥(t) are now scalar-valued and the variables t and T are
allowed to vary over an open interval (a,b), where a or b, or both, may be
infinite. Denote by I the set of points in (a,b} for which neither ¢(t) nor

¥(t) vanish. Then a scalar valued function M(t) may be defined as

¥ (t)
Mt =5

on the set L.
In terms of M(t) , the autocorrelation function may be expressed
as

r(t,7) = ¢(t) M[min (t,7)] 8(7) . (2.28)
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which is the scalar version of (2.18).
Since r(t,T) is an autocorrelation function, r(t,7) must satisfy con-

dition A3, In particular, r(t,t) must be non-negative, i.e.,
r(t,t) = 0 : | {2.29)
for t in (a,b), and r(t,T) must satisfy the Schwarz inequality
r(t,t) r(r,T) - r¥(t,7) = 0 (2.30)

for t and T in (a,b). Equation (2.28) implies that

_ r(t,t)
TPt (1)

M(t) =0

’

(2.31)

while (2.30) implies that

(£, () - £(t, ) = [6(0) 6 (7) 12 M(7) [M(B) - M()]= O,
for t = 7. Therefore M(t) is non-decreasing and non-negative on the
set Z. If in addition M(t) is differentiable, then M(t) ié admissible
onZ.

The following discussion, based on Merger's work . [2.11],
establishes some preliminary results which will allow the domain of
~definition of M(t) to be extended to points outside of the set T .

Consider the points at which either (or both) of the functioris
¢ (t) and ¥ (t) becomes zero, i.e., suppose that r{7,7) = 0 at some
point T in (a,b). Then with t an arbitrary point in (a,b), Aequation
(2.30) becomes

r(t,t) (T, 7} - ¥t ) = -ri(t,7) = 0
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Thus

r(t,?) = r{T,t) = 0 (2.32)

for all t in (a,b) ifr(7,T) = 0 for some Tin (a,b). Equation (2.32)
implies that either ¢ (1) or ¥{r) or both become zero. We will show
that the location of the point T in (a,b) determines which of the
functions #(7) or ¥(r) vanishes.

Let 0, =inf L, and s = sup Z, and consider the intervals {a,0q),
(0, ,8), and (s,b) where a €0, « s < b, as illustrated in Figure 2-3.

‘Suppose r(r,7) =0 and T is in (a,0,). Clearly, there is a point t in E_
such that t> 7. But (2.27) and (2.32) imply that

r{t,7) = &{t) ¥(t) = O
Since ¢(t) does not vanish for tin Z, then ¥(7) = 0 for T in (a,0,).

Now, suppose that r(T,7) = 0 where 7 is in (s,b). Then there is
a point t in T such that t <. Equations (2.27) and (2.32) imply that

r(t, ) = &(m) ¥(t) = 0O
But ¥ (t) does not vanish for t in Z; hence ¢(71) = 0 for 7 in (s,b).

If r (7,7 =0 and T is in(0,,s), then there are points t in Z both
to the left and to the right of 7. The arguments previously employed
imply that both ¢(-r) =0 and ¥(7) = 0 if 7is in {(0,,s). Note that such
points T are notin Z.

Using a development beginning with Mercer's results above; we

will now show that the domain of the function M(t) may be extended to
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M(t)

t

FIG. 2-3 ILLUSTRATING TYPICAL BEHAVIOR OF THE COVARIANCE M({t)
DEFINED ON THE SET Z (SOLID CURVE), AND A NON-UNIQUE
EXTENSION TO POINTS NOT IN X (DASHED CURVE). X IS
DENOTED BY HEAVY LINES, AND BOUNDARY POINTS OF I

BY Ggr Oj v S.
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include the half-open interval [0,,s). The functions @(t) and ¥ (t} are
now assumed to be continuous on (a,b). We show first that the domain
of M(t) may be extended to include the points of T , the set of all points
of T, and all boundary points of Z. The results which follow do not seem
to have appeared in the literature previously.

The boundary points of T may be ordered as
UO<"V'<OJ‘.<...<S )

where 0, and s, defined previously, are also boundary points of .
Since s is a boundary point of T, then for any € > 0, there exists a
point A in I such that |s-A|< €. Also, since neither #(X) nor ¥(})

vanishes, because X is in Z, the ratio

y = 2
M) = 5%

is finite, Moreover, from (2.31), M(t) is surely non-negative for t in

(a,b). Hence, if t < X and t is inZ , then

0 s M(t) =M(A)
Therefore, if oy is any boundary point of Z such that 0; < A, then

lim M(t)

t0; (2.33)

exists, since M(t) is bounded and monotone on 2 . But A may be chosen
arbitrarily close to s, so that M(t) is defined on the set T - {s}q. Note
that for some points 0, it may be appropriate to conside_r (2.33) as both

a right and a left-hand limit, as would be the case if o; were both a
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right-hand and left-hand boundary point of . In Figure 2-3, 03 is such
a boundary point. Although both limits (2.33)_w111 exist, there is no
assurance that the right-hand and left-hand limits will be equal, énd

M(t) may have a simple discontinuity at 0;. An analogous phenomenon

is possible in the n-th order case, and this will be investigated in Sect- '
ionb5.1.

In ader to complete the extension of the démain of M(t) to the
interval [0y, s), we must consider points t of [0,,s) which are not in f,
but for which r(t,t) = 0. Ciearly, t is not an isolated point for that would
imply that t is a boundary pocint of > . Therefore, t must lie in a closed
interval [ai'°1+1]' where o; and 0;,, are boundary points of L, and
r(t,t) = 0 for all t in [Ui,cri.l.l]. But t is in (0, ,s), so that the previous
discussion implies that @{t) = ¥(t) = 0. Hence, an arbitrary value may be
assigned to M(t) for all t in [0;,0;4,] without violating (2.28). The
argument above may be applied. to all such intervals [oi,0i+1] in order to
extend the domain of M(t) to include the entire interval [0g,s) . If M(t) is
admissible for t in T, and if M(t) exists at all limit points of Z except
(perhaps) s, then the extension of M(t) may be chosen to be admissible
on [0,,8). The dotted curves in Figure 2-3 illustrate possible extensions
of M(t).

If M(t) is admissible then I\‘JI(t) > 0, The input multiplier B(t) is
now a scalar to be evaluated as

Bt = = (M(t)1%
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Thus a shaping filter model is determined for all t in [g,,s). An initial
time for generating the random process may be any point t, in- [0548).
An initial value of the state variable x, may be chosen in two ways in
the first-order case. Either a deterministic value may be chosen such

that

2

X = M(t;)

or ¥, may be considered a random variable with covariance
E[x(] = M(tp)

If the functions @¢(t) and ¥(t) happen to be proportional, then M(t)
is a constant, and B(t) = 0, In this case the shaping filtér is autonomous,
that is, it has no input except the initial value x, which may be deter-
ministic, and the random process y(t), given by

v(t) = % @(t) .
may be deterministic. This phenomenon also occurs in the n-th order
case and will be discussed further in Section5. 2.

If the points s and b coincide, the above analysis indicates that
a shaping filter may be realized on [0,,b). If b is infinite then the
realization of the shaping filter is global. If the pcints s and b do not
coincide, the existence of a shaping filter on (s,b) cannoct be guaranteed.
This matter will be explored for the n-th order case in Chapter IV.

The following example concludes this chapter. This example is

not intended to display practical utility, but is chosen to illustrate in a
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simple case the extension of the function M(t).

Example 2.1. Let
r(t,T}) =tTcosTcost, fort> r
Then ¢(t) = cost, and ¥(t) = t cost. The interval of interest is
(0,). The set T consists of all points in (0,=) except for
t=(2n-1)7/2, n=1,2,... . The function M(t) may be evaluated as
Y(t) tcost _

M(t) T@(t) cost

for t inT. The points t = (2n-1) /2 are boundary points of T.

Since the functions ¢(t) and ¥(t) are everywhere continuous, the pre-
vious discussion implies M(t) = t evérywhere on (0,e). Clearly, M(t)
is admissible, and hence, r(t,T) is an autocorrelation function. The

following equations describe the shaping filter.

x(t) = % u(t)

x(t)cost

y(t)
The initial condition x, must satisfy

E{x3] = t,
If the initial time is chosen as t, = 0 then the initial condition

becomes = 0 with probability one.
XO
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CHAPTER 1117

REALIZATION OF THE SHAPING FILTER:

LOCAL EXISTENCE

3.0 Introduction

In the previous chapter, basic equation (2.26) was derived‘and it
was shown that a solution of this equation determines the coefficients of
a shaping filter. The object of the present chapter is to present a general
technique for solving equation (2.26) and to investigate in .detail the
conditions for existence of a real-valued solution. One of the main
additional assumptions to be introduced in this chapter is that the input
to the shaping filter is scalar valued, that is, attention will be given to
a single input (and single output) shaping filter. This assumption is
introduced for several important reasons, First, for purposes of simu-
lation by analogue or other means, the requirement of a single white-noise
generator is simpler and less costly than the requirement of many such
generators. Second and perhaps most important, the formulation of many
problems involving detection or filtering of signals is greatly facilitated
by introducing not only a shaping filter, but also a whitening filter, i.e.,

that system which performs an operation inverse to that performed by the

1 Some of the results presented in this chapter have éppeared earlier in
a paper by the author and H.E. Meadows [3.17.
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shaping filter [3.2, 3.3, 3,41. The whitening filter accepts at its input
a possibly nonstationary random process y(t) with a specified auto-
correlation function and produces at its output a stationary white-noise
process u(t).

Figure 3-1 illustrates a typical ap_plication of a whitening filter
in the problem of optimum prediction of a random procesé y(t). The
whitening filter converts y(t) into white-noise u(t), and the signal
processor converts u(t) into 3'}(t+ o), the minimum mean-square error
estimate of the predicted value of y(t}. Evidently, from Figure 3~1, the
signal processor may itself be regarded as a shaping filter, so that the
optimum predictor is a tandem connection of a whitening filter and a
shaping filter. In order fully to exploit the simplicity of the predictor
model, the whitening filter should have a single output; i.e., the white-
noise process u(t) should be scalar \_/alued.‘ |

As will be shown, the facterization fechnique developed in thisg
chapter is applicable to a very large class of autocorrelation functions.
For practical purposes, the assumption of a single input to the shaping
filter is therefore not restrictive.

If the input u(t) is scalar valued, the coefficient matrix 3(t)
becomes an n-vector. Then, according to {(2.15), the basic equation
(2.26) may be regarded as n non-linear Volterra integral equations in
which thé coefficients 3(t), ... Bn(t). appear as unknowns. This

approach was explored by Stear [3.5]. Although the scope of Stear's
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work is limited in the sense that conditions for the existence of real-
valued solutions to the integral eqﬁations are not related to relevant
properties of the given autocorrelation function, his investigation does
demonstrate an approach for realizing‘a time-varying shaping filter
represented by (2 5).

A different approach presented in this chapter has proved quite
fruitful. It will be shown that under certain appropriate and general
conditions on the autocorrelation function, the basic equation may be
converted to a matrix Riccati differential equation. The solution of this
differential equation is the state covariance matrix M(t), and real-
valued coefficients of the shaping filter 3(t) may be obtained

algebraically from M(t).
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3.1 The Derivative of a Random Process

Some new results concerning the existence of a derivative of a
random process will be presented in this section. These results are
pertinent to the factorization problem becaluse a parameter defined
shortly associated with differentiability of the process is used in
determining the coefficients of the shaping filter. -

The concepts of mean-square convergence and mean-square

differentiation are defined below.

Definition 3.1. A sequence of random variables y,, converges in

mean-square to a random variable y if and only if
lim  El(yp-y)*] =0
n-— o
The above limit is sometimes written
l.iim. yo,=v .,
n=—ew
denoting "limit in the mean."

Definition 3.2. Let y(t) be a random process for which E[yz(t)'l < @

for all t in T, an interval of interest. The process y(t) has a

derivative in the mean-square sense, denoted by y(t) or y1'(t), at a

point t in T if

W G- ESTC R

h=0

where t+h is in T.
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For brevity, the process y(t) will simply be called the derivative of
v(t).

A well-known condition for the existence of a derivative of a
random process is stated in the following Thecrem. The proof, due to

Loeve [3.67,is omitted.

Theorem 3.1. y(t) has a derivative at t in T if and only if the

function

2

atar

r(t,T)
exists and is finite at the point (t,t), and r{t,T) = E[y(t) y(T)].

Theorem 3.1 is difficult to apply,as the following example

indicates.

_lt-r]

Example 3.1. Let r(t, 1) = e This is the form of the auto-

correlation function of a random process y(t) appearing at the output.
of a single time-constant, R-C low-pass filter excited by white
noise.

Then

2 -
atgr rit,7) = -e"'t T ;

for all t # 7. One might be tempted to assume that the above
equality represents E[{r(t) *}(1‘)]; however such is not the case. As
will be verified later in this section, the correct expression for the

autocorrelation function of v(t) is
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E[¥(t) ¥(1)] = -e +26(t-1) ,
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which does not exist in the classical sense. Therefore, the random

process corresponding to r(t,T) is not mean-square differentiable.

We shall show that for a random process possessing an auto-

correlation function with continuous partial derivatives, a more easily

applicable differentiation criterion is available.
Assume that the autocorrelation function may be written in
separable form as
{(ﬁt(t) YT) fortzrT
r(t, T) = (3.1)

Qﬁt (T))’(t) fort <1,

and that the vector-valued functions ¢(t) and ¥ (t) are continuously

- differentiable. Define a function d} (t) as

() =o' () ¥t - 2 () Y(©) . (3.2)

The function dg(t) may be regarded as the variance of a random variable,

and is therefore non-negative,as the following Lemma shows,

Lemma 3.1. Let y(t) be a random process with an autocorrelation
function expressed by equation (3.1), and let dg(t) be defined by

equation (3.2). Then

m  E[fy¢t') - yvEn?l
Bt =, =20,

for t'>t .
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Proof. Consider the quadratic form
r(t,t) r(t,t') 1

Q=1[1 =~1] 20,
r(t',t) r(t',t") -1

which is non-negative because r(t,T) is non-negative definite by

assumption. Then

J v(t) V1
(1 -1} E(Y(t.) [y(t)  y(E) 1 _4

Q =
y(t) ]) 2 ,
=E { [l -17 = E[(yct'y ~y(H)* ]
y(t') :
Therefore, for t' > t ,
Q— = 0 .
t' -t
and if the limit exists,
lim Q - 0

-t ¢ -t

Substituting (3.1) into the definition of Q and dividing by t'-t vields

Q _ ot ) Iye) -¥(n]- [a(r) -8(t)] ()
th-t t -t

. i N -t . i zgt') _z£)
Since ¢(t) =t1'1-r-nt 9.%):_19.(_1 and ¥(t) =tl'1-1.nt t -t :
it is clear that

' lim _Q
dt) =, 7o <°-

Therefore, d}(t) exists and is non-negative.
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According to Lemma 3.1, dg(t) is either positive or zero for any

time t. If dj(t) = O then the following Theorem applies.

Theorem 3.2. Let y(t} be a random process having an auto-

correlation function expressed by equation (3.1) and let dZ(t) be
defined by (3.2). Then y(t) is differentiable at a point t if and only

if d3(t) = 0,
Proof. To prove the "only if" part, note that if y(t) exists, then

E[(yit") - yctn)?]
(t' -t)?

Efy*(t)1= lim
t' =t

Because of the continuity hypotheses in (3.1), the above equation

may be expressed as

di(t) + e(t',t)
t' -t

E(y%(t)] = lim
t' -t

where

lim €(t',t) = 0 .
£t

" Therefore the variance, E[¥3(t)], is finite only if d3(t) = 0. To prove
i .

o
atorT

the "if" part we shall show that r(t,7) exists and is finite at

r=1t, if d5(t) = 0. Let t be fixed and let T vary. Consider the con-

tinuocus function -aggr(t,-‘r). From (3.1),

Bty yen  fortaT
o rt, ™) = t .
P (7YY (1) forts T
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If d(t) = 0, then altr(t'ﬂ is a continuous function of T at the
point r =t. Since the functions #(t) and ¥(t) are continously
differentiable, the function -E% r(t,T) has both aleft-hand and right-

hand derivative with respect to T at the point T =t. These

derivatives are equal and their common value is

2

Rl et
lim g7 ALY = om0

Note that since the functions é(t) and Y(t) are assumed to be con-

tinuous, then

% -
ata'rr(t’ﬂ T arat

r(t,7)

“for all t and T in T. Therefore, by Theorem 3.1, the existence of
the mixed partial derivative of r(t,7), evaluated at 7=1t, implies the

existence of the derivative process, y(t).

In the above Theorem and previous Lemma, the convenient but
unnecessary assumption was made that r(t,7) is separable. If this
assumption is removed, then dj(t) must be redefined as

2

atr(t,'l’) . (3.3)

3
dg(t) = T -
T=t

where T approaches t through values T <t, Lemma 3.1 remains valid

under this extended definition of d3 (t). If it is assumed that the function
0 .
2

3
atoar

3
r(t,T) is continuous and that the functions /- r(t,T), r{t,7), and

ot
52

Y r(t,T) exist and are continuous for all t and 7 such thatt £,
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then Theorem 3.2 remains valid, and the proof requifes only trivial modi-
fication. All further results in this section will be stated assuming a
separable autocorrelation function. However, the genéral case may be
accommodated by slight modification of these results.

Theorem 3.2 has some important corollaries which will be used in
the sequel. These corollaries require index functions d% (t) to be defined
as follows. |

' . 1 ' -r
af(t) = oD ) ¥ (1 - ¢y ¥ Dy 3.4

Corollary 3.1. Let the functions ¢ and ¥ possess at least k continuous

derivatives. Then a random process y(t) has a k-th derivative, y.(k)(t),
at a point t if and only if the functions di(t), di(t). ... dzk_l(t) are
all zero at t. Then, if k+1 derivatives of ¢ and ¥ exist, thus allowing

dé (t) to be defined, the inequality di(t) = 0 is valid at the point t.
k k

k
aZ

Finally, if v (t) exists for all t, then E[y" (1) v (1)]= -
at

r(t,T),
ark

for all t and T.

Proof. The first and second assertions follows from the previous
thecrems and by induction on k. The last assertion follows from a

Theorem of Loeve([3.67, p 471).

The statement of the next Corollary concerns the existence of a

matrix Ry (t) whose i,j-th element is defined below.

_.f-‘

The k-th derivative of a random process or function f(t) will be denoted
by £5(t).
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i+
)
[Rk(t)]ij = _T__j-r(tr'r) ' (3.9}
ot 3T ot _

where 0<i, jsk, and 7 épproaches t through values T <t .

Corollary 3.2. Let the functions ¢ and ¥ possess at least k

derivatives, and let d{(t) = 0 for i = 0,1, ... k-1. Then the matrix

Ry (1) is well-defined, symmetric, and non-negative definite.

Proof. From Corollary 3.1, the derivatives y(l) (t), for

i=40,1,... k, exist. Thereifore

and from the Schwarz inequality,
Cd j i j -
Ey® @ yP 15 5 (yP ) (P w)]< -

Hence Ry(t) is well-defined.

Define a vector Y, (t) as
k .
Y () = col. [y1) vV (1) ... v (1) ] (3.6)
The previous results imply that
' t
Rg(t) = E [Y(t) Y, (D7, (3.7

which is obviously symmetric. Let v be an arbitrary (k+1)-vector. Then
v't Y (t) is a scalar-valued random variable and
t _ t 2
v Ry (t)v = E[(v Y b) ] =0,

. which completes the proof.
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It is possible that a matrix Ry(t) may be defined even if the
hypotheses of Corollary 3.2 are violated, but it is génerally true that if
Y(k)(t) does not exiSt, the matrix Rk(t) will be neither symmetric nor non-

negative definite. The following example illustrates this remark,

Example 3.1 {continued).

Let ¢(t) = e't and ¥(t) = eT. Substituting these functions into
equation (3.2) yields dg(t) = 2. Therefore, the random process y(t)
corresponding to the specified éutocofrelation function is not
differentiable. The matrix R, (t) reduces to the scalar r(t,f) =1>0.
The matrix Ry(t) exists and may be evaluated as

T ol

Rl..-': =
g ItTl | omlt-7]
7=t

which is neither symmetric nor non-negative definite.

The following Corollary, which follows immediately from the pre-
ceding ones, uses the previously established results in order to formulate

conditions which must be satisiied by an autocorrelation function,

Corollary 3.3. Let ¢ and ¥ possess a sufficient number of continuous

derivatives and let a function r(t,r) be defined as in equation (3.1).

Let d}(t) = 0 for all t and all i, 0 <1 = k-1, and let df (t) be non-
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zero everywhere, Then, necessary conditions for r{t,T) to be an
autocorrelation function are that df (t) >0 for all t and Ry (t) = 0 for

all t,

It will be shown in Chapter IV that the conditions stated in the
previous Corollary are sufficient as well as necessary, provided that
r(t,7) is separable, |

The results obtained thus far in this chapter are applicable to both
separable and non-separable autocorrelation functions. We now assume
that r(t,T) is separable and furthermore, that if r(t,T) admits factori-
zation, the shaping filter is realizable with a scalar-valued input. These
assumptions allow the iﬁdéx functions d; (t) to be related to the coef-
ficients_ of the shaping filter.

Recall the basic equation,

Y{t) = M(t) (1) . (3.8a)
- where

M =g g, (3.8b)

and B is vector-valued by assumption of a single input.
The following Lemma relates the index function di(t) to the

coefficients f(t).

Lemma 3.2. Let r(t,T) be a separable autocorrelation function and
let ¢(t) and ¥(t) possess at least k+1 continuous derivatives. Let

d%(t) = 0 everywhere for 0 <i €£k-1 and let dzk(t) # 0 everywhere.
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Then dy(t) = s (1) B(t) for all t and for all i, 0 =i k.

Proof. The assertion is proved by repeated differentiation of basic
equation (3.8). Differentiating (3.8a) and pre;multiplying the result
by ¢t results in _

oty = otMd ot Mo . | (3.9)
Pre—multiplying the basic equation by ét yvields, since M is
symmetfic,

ty=6"Mo=06"Ms . . (3.10)
Subtracting (.3.10) from {3.9) produces

Z=¢'v-sty =gt Me

=9'88's =('B?=0
which vanishes by hypothesis. Thus
| y=Ms+Mo= M+ p(ate)
or
y=M¢ |, (3.11)

everywhere. The results of operating on {(3.11) just as on (3.8) above
are |

di(t) = 3°(t B(H) = 0,
and one considers next the equation

5 (2) - M 5@

etc. Continuation of the sequence of operations obviously yields
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d;(t) = oMY Bty =0 for 0 <i gk-1 (3.12a)

and for all t. The procedure described above terminates at the next

step, which vields
kyt 2
&t = (6% (1 poy) >0 (3.12b)

where the inequality follows from Corollary 3.1.

If the impulse response of the shaping filter is denoted by h(t,7),
the result just proved may be stated as
i

_ .3
d;(t) —;:i-h(t,-r) , for 0 si sk

T=t

If r(t,7) admits factorization, then the index function dk(t) has an interest-
ing physical interpretation. Let ‘the hypotheses of Lemma 3.2 hold and
let the equations

x=Ru (3.13a)

ot x (3.13b)

Y

describe the shaping filter, Corollary 3.1 allows equation (3.13b) to be

differentiated k times. Thus

or
v =tk (3.14)

and
Y(Z) = ¢(2)t x+dyu= ¢(2)x )
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Similarly,

¢y = g™t fr 0si sk (3.15)

Proceeding formally, one may perform an additional differentiation
(actually forbidden by Corollary 3.1) to obtain from (3.15) the following

equations:

*

x=fu ' (3.16a)

+ +
yETH o kOt du . (3.16b)

Equation (3,16} may be regarded as a state~variable model for a shaping -

filter which transforms white-noise, u(t), into a process denoted by

k+1 k+1
i ET

(t). Since the function di(t) # 0 for all t, the process ¥
will contain a white-noise component for all t, and the autocorrelation
function of y(kﬂ) (t) will contain an impulse. The autocorrelation of
Iy(kﬂ) may be computed using, in part, the results of Section 2.2, and
some results of Newcomb and Anderson [3.7] which treat shaping filters
with a direct connection from input to output. Integrating equation

(3.16a) vields

t
x(t) = x0+J" B(A) u(A) dA
t

O

Then the cross-correlation of state vecter and input is
‘ t
Elx(t) u(r)] = E [xou(r)] + [ B E[u(d) u(r)TdX
. t,

{B(T} fort>r

= ' (3.17)
l 0 fort<e T
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Since E [x(t) xt(‘r)] = M ([min (t,7)], the autocorrelétion function
ey ) v (m 3= B[ (69 2 + ag uw)

: (¢ck+l> (1) %(7) +dy(7) u(-r))J

may be evaluated in terms of the unit step function §(t) as

(k+1y (

E Ly (1 vy (112 0% (1) MLmin (e, 7) 165 ()

+ & () 6(t-m) + 0V (1) p(my ay (St - )

+1
+ %Ot o By d(t) S(r-t) . (3.18)
+ +1 2(k+1)
Note that if Q)(k b and ‘)f(k ) exist then ﬁl r{t,7) exists for
: ot oT

allt#r. Fort>r,

2kt 32

3 k k

e r(t,T) = ata [w‘ Yty M(r) @ ’(T)J
T

at

(ktlyt

= p®* D) M(my 05 (1) + s BTV (7 dp(r

A similar equationkhy be derived if t< 1.
In terms of the above expression, equation (3.18) may be

rewritten as
2¢k+1y

k k
E [y +l’() cer! (11 = at_'H;—k+l r(t, ) +dj (t)6(t-7). (3.19)

From equation (3.19), the quantity dj (t) may be interpreted as

the "instantaneous power" associated with the white noise component
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k+1
of y<tH

(t).

The following examples illustrating several results derived

above, will conclude this section.

Example 3.1 (continued).

Let a(t) = e‘t and ¥(t) = et . We have shown that dcz, (t) = 2.
The basic equation (3.8) becomes

et = M(t) e"t ,

which has the unique solution M(t) = et , M(t) is admissible accord-

ing to Definition 2.1, and

t

B = (MH]% =/2 e

The autocorrelation function of the process y(t) may now be computed

by means of (3.18) as
Efy(t) y(m)] = -e”

The instantaneous power associated with the white-noise component

of y(t) is 2 watts.

Example 3.2. Let r(t,T) = {(t) + f(7), where {(t) is differentiable.

Let
[ £(t)
p(t) =
1
and
!
Yt =
1)
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The functions dy(t) and d,(t) may be evaluated using equation (3.4)
and d,(t) =d;(t) = 0 for all t . The matrix Ry(t}, defined by equatién
(3.5) may be expressed as |

2 £(t) £(t)

Ry(t) = )
f(t) 0

and det Ry (t) = - (t) < 0. Therefore, Corollary- 3.3 implies that

r(t, T), as given above, is not an autocorrelation function.

Example 3.3, Letr(t,r) = ¢t(t) A @¢(7), where A is a constant

diagonal matrix for which [ﬂ]ii = Ai = 0, Then Ais an admissible
matrix, and from Theorem 2.1, r(t,7) is an autocorrelation function.
Assume that the function #(t) is differentiable an arbitrary nlumber of
times. Then d;(t) =0 fori=0,1, ... .

Define a matrix ® (t) as
k
@, (1) = [0 1) eV (t) ... 2 (D))

Then Ry may be written
Ry = &, A .
Clearly, Ry(t) 20 onT fork = 0,1, ... .
This example exhibits a class of autocorrelation functions for
which d; (t)= 0 for all i = 0. It will be shown in Chapter V that the
representation r(t,7) = ¢t(t) A @ (1) exhausts the class of auto-

correlation. functions for which dj(t) = 0 forall i 2 0.
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3.2. Local Solutions of the Factorization Problem

In this section, we will show that the state convariance métrix,
M(t), may be obtained as a solution of a maj:rix Riccati differential
equation. The desired random process y{t) is assumed to commence at
a finite time and to have finite duration. Although these assumptions
have practical motivation, since any experiment of simulation procedure
must have finite duration, they are inUoduéed primarily for analytical
convenience, The latter assumption will be reléxed in Section 4.1.

The finite interval of interval of interest is denoted by T, and
the autocorrelation function r(t,r) is prescribed on a square T X T,fand
is assumed to satisfy conditions Al - AS Wﬁich follow.

Al. r(t,t) is separable

A2, r(t,7) is symmetric

A3. r(t,7) i1s non-negative definite

A4. The given functions ¢(t) and ¥(t) possess at least k+1

continuous derivatives on T
A5. di(t)=0onT, for 0 <1< k-1
di(t) # 0 everywhere on T
Recall that conditions Al —A3 were defined more completely in Theorem 2.1,

The results of the previous section become valid on a finite interval by

TT xT denotes the set of points in the t, T plane where both variables t
and r are restricted to the interval T.
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replacing "everywhere" with "everywhere on T."
As a notational convenience, the following matrices are

introduced.

Ii

& (t) = (890 6P () ... s& )] (3.20a)

T = OmryPm . y® (3.20Db)

The matrices <I>k and T'y, may be related by a simple expression
which involves the function di . This relationship, stated in Lemma 3.3

below, will be useful in developing the main results of this section.

Lemma 3.3. Let r(t,7T) satisfy conditions Al -A5. Denote by ¢,
the (k+1)-dimensional unit vector which contains zeros in the first k
positions, and unity in the last position., Then

y(k"‘l)t kt+it

@k—ﬁ( Tk=€1tdzk.

Proof. Consider the identity

y Pt gdy gt dy g s ka1,
which is valid for all t in T from Corollary 3.2. Differentiating this
identity yields

k+iyt kyt i+l k i+1 k+1yt
ROty | ot gdTh _ gdot,dfh | kit oy

Corollary 3.2 implies that the terms adjacent to the equal sign are
identical. Hence
+1yt i +1 i
L LS I L e P

For i = k, the Lemma is obviously valid by definition of dj"(
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The main results of this section concern:the existence of a

solution of the factorization problem. These results are stated below.

-!-

Theorem 3.3. Let r(t,T) satisfy conditions Al - A5, Then the

following asserticons are valid.

(i)

(ii)

If ¥(t) = M(t) ¢(t) on T, where M(t) is symmetric and rank of
I\.d(t) < 1, then M(t) satisfies the following Riccati
differential equation:
+ +
kel _ppatktht

. k+l) (k+1)
R L ¥ L. (3.21)
d; -

Let M, be any symmeftric non-negative definite matrix
which satisfies

Ty (to) = Mo @) (L) - (3.22)

If M(t) is the solution of equation {3.21} having the initial
value M(ty) = M, , then M(t) is admissible and

T (t) = M(t) @y (t) for all tin a neighborhood of t, .
Purthermore, the coefficient B(t) may be evaluated és

y® D - My ¢ ()
d (1)

B(t) = (3.23)

TAlthough derived independently, the methods used to obtain the results
stated in Theorem 3.3 are essentially the same as those employed by
Anderson [3.8], who obtained similar results for the special case

k=0.
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Proof. (i) The proof of the first part of the theorem follows directly
from the proof Lemma 3.2, where the following equations were
derived:

.y(k) = MR )
and

d, = ¢ck> 8
Differentiating the former equation vields

+ + .
RIS VT VLS

Since M is symmetric and rank (M)} < 1, M may be expressed as

M = 88" . Then

k+1 k+1 k
y& = M grpte™

Qr

k+1 k+1
. YK _ g gkt

dy
Post-multiplying this expression for 8 by its transpose yields the
- desired Riccati differential equation.

(ii) The second assertion will be proved by exhibiting a
homogeneous linear differential equation, the solution of which is a
vector of dimension n(k+1) which has as components, the columns
of the matrix I} - M@k .

Consider the right-hand side of the folloWing identity:
—cﬁ—(rk S M) = (T, - M&,) - M2y .

Substituting equation (3.21) for M yields



k+ +1 +1t k+1yit
(¢ ”—M¢d:’xy“ & SEPU LS VE

(G, -M®y) - =
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k+1
If the quantity ¢( )tl"k is added and subtracted inthe right-most

parentheses, the following expression results.

- : k+1 k+1 k+ht k+1yt k0t

2
dy
By invoking Lemma 3.3, this expression simplifies to

t ktiyt

: . K+ k+1
(F-M®) - (v M) e (l‘k-mcbk)] )

2
di

which may be expanded as

(ktly t

d - : - k+1
T -M@y) = [ -MO-(y ~Mo e ]

(y(k+1)_ M ¢(k+1))¢(k+1)t

- z (rk‘M(bk).

dy

Define a matrix A as

(7(k+1)—M¢(k+l?)¢(k+l)t

A=_ 2 I
dy

(3.24)

and let g; denote the i-th column of the matrix T' - M<I>k_ From the

standard existence theorem for ordinary differential equations [3.97,

the matrix A defined in terms of M exists only in a neighborhood of

the point t=t,. In terms of A and qaj . (3.24) may be rewritten as

the following set of differential equations.
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do = Agqpt ai

QG = Aqrt+ @

_ (3-25)
q; = Aqyt gy

dx = Agy

Equation (3.25) may be abbreviated further. Let an n(k+1)-vector
be defined as

q=col [ay @' ... q,:] :
and let A be a square matrix of order n(k+1). The matrix A is to
be partitioned into square submatrices of order n. The submatricés
on the main diagonal are set equal to A. The submatrices on the
super diagonal are identity matrices. All other elements ofK are
zero., In terms g and 4-1\-, (3.25) becomes simply

qg=Aq . | (3.26)
According to the hypothesis of Theorem 3.3, the initial condition ‘for
(3.26) is q(t,) = 0. Since (3.26) is linear, it has the unique soiution
q(t) = 0 for all t in the ‘neighborhood of t, for which the matrix M(t)
exists. |
The matrix M(t) is admissible. because M, is non-negative

definite and symmetric, and M may be expressed as an outer product
38", where B, from (3.23), is real-valued.

Therefore, the matrix M(t), obtained as a solution of the Riccati



61

equation, satisfies the basic equation (3.8). The coefficient 8,
evaluated from (3.23) provides a solution to the facterization

problem,

Thus far, the existence of an initial condition matrix M, satis-
fying (3.22) has only been postulated. That its existence is not obvious
is apparent from the following consideration. In order for (3.22) to be
‘valid, it is necessery that the matrices l"k(to) and d)k(to) ere consistent
in the sense that rank (T (ty)) = rank (P (ty)) at some point t, in T. For, if
this rank condition is violated there can be no matrix M, satisfying (3.22).
It is demonstrated below that the above rank condition is valid at points
dense in T, and furthermore that (3.22) has a (non-unique) solution M{t,)
which is symmetric‘and non-negative definite.

The following Lemmas will be used to demonstrate the existence

of a covariance matrix M(t,).

Lemma 3.4 . Let r(t,T) satisfy conditions Al -A5. Then the non-
negative definite matrix Ry(t), defined in equation (3.5), is non-

singular at points dense in T.

Proof. The Lemma will be proved by contradiction. Assume that Ry (t)
is singular everywhere on a subinterval T' of T. 8ince the elements
of Rk(t) are continuous on T by hypothesis, there exists a continuous

vector a(t):
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a(t) = col [ag(t) ay(t)... ag(t)]
where a(t) is non-zero everywhere on T', such that
t ' '
a Rka = 0, onT . (3.27)
Using (3.7), this identity may be written
E[(at Y. )!]=0onT,
where Y, was defined by (3.68). Therefore
'Y =0onT
d k - on
with probability one. Assume for the present that the component ak(t)

is non zero on T'. Hence, by normalizing the vector a(t) so that

k-1
v =) am y®
i=o

everywhere on T'. Differentiating this linear constraint yields an

expression of the form
k

M= by, (3.28)
i=o

k+1
y( )

where the functions b; denote linear combinations of the functions a
and the derivatives éi- In order to verify that the vector a(t) is
differentiable, note that from equation (3.5) and Corollaries 3.. 1 and
3.2, Ry may be expressed as

R = ®. T, . - (3.29)

Since (I>k and Ty are differentiable by condition A4, it follows from
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(3.27) that a(t) is differentiable.

Equation (3.28) implies that y(kﬂ)(t) exists on T'. Therefore,
from Corollary 3.1, dk(t) =0 on T, which violates assumption A5.
Hence, the matrix Rk(t) is not singular on any subinterval of T.

We now dispeﬁse with the assu-mption that the leading coef-
ficient ay(t) be non-zero on T'. However, because ap(t) is
continuous on T*', then either aj(t) must be non-zero on some sub-
interval T" of T', or else ay(t) = 0 on T'. If the former is the case,
then the previous argument may still be applied for t restricted to
the subinterval T". Suppose the contrary, that a)(t) = 0 on T'. Let ]
‘be the largest integer such that aj(t) is not zero anywhere on I, a
subinterval of T'. Certainly, such an aj(t) exists since the vector
a(t) is continuous and never vanishes anywhere on T% By normalizing

a(t) so that aj(t) is unity on 1, we have
j-1 .
1
P =) amyo |
i=o

for'all t in I with probability one. By differentiating this expression

o , (ktly
(k+1-j) times, an expression for y (

t) is obtained, which is
similar to that in (3.28), and is valid on I. The previous argument

may then be applied to establish the Lemma.

An important consequence of Lemma 3.4 is that from (3.29),

rank (®}) =rank (Ty) = k+1, at points dense in T.
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Lemma 3.5. Let r(t,T) satisfy conditions Al - A4 and let the
integer k, appearing in A4, be unspecified. If dy(t) =0 onT, for

i=0,1, ... n-1, then d;(t) =0onT, forall i =0,

Proof. If dij(t)=0on T, for 0 £i <n-1, then Corollary 3.1 implies
that y(i) (t) exists, where .O <i £n. Corollary 3.2 implies that Ry(t)
exists and that |

Ry(t) = &, (t) Tp (1)

But, the matrices ®_ and Th each have n rows. Therefore

n
rank (Ry) £n , and since the order of Ry is (n+1), R,(t) is singular
everywhere on T. Hence, from the proof of Lemma 3.4, d,{t) = 0 on T.

The assertion then follows by induction.

The significance of Lemma 3.5 is that it places an upper bound on
the number of computations one is required to perform in the sense that
one need never differentiate a function more than n times nor consider a
vector of dimension greater than n.

We now proceed to demonstrate the existence of a covariance

matrix M, satisfying (3.22).

Theorem 3.4. Let r(t,7) satisfy conditions Al - A5. Then there exists
a covariance matrix M, satisfying (3.22) at a point t,, where {, may

be arbitrarily close to a point t, selected arbitrarily in T.

Proof. If t is an arbitrary point in T, then Lemma 3.4 implies that
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there is a point, t,, arbitrarily close to t, such that the matrix
Ry(ty) is positive definite. Then, Ry (t,) has an inverse Ril {to)
which is positive definite. Let a matrix M, be defined as

M, = Tk (to) Ry' (to) T (to) (3.30)

Then clearly, M, is symmetfic and non-negative definite. (In fact,
from Lemma 3.5, rank (M) = k+1.) Since Rk(to-) is symmetric,
(3.29) implies

Ry = @ Ty = T} &
Therefore,

Mo @k (to) = Ty (to) Ri” (o) Ty (to) Bklte) = Telte) R (o) Ry(ty)

= I\k (to) -
Hence, if M, is chosen as in (3.30), then M, satisfies (3.22), and

M, is a covariance matrix,

The matrix M, given by (3.30) lis the unique matrix of minimum
rank which satisfies (3.22). For, suppose that some covariance matrix,
M(t,), satisfying (3.22), has rank less thank+ 1. Since

Tk(t) = M (&) ®(t)
then rahk (Tkcto)) < 1;+1, which contradicts Lemma 3.4. Therefore M(t,)
cannot have rank less than k+ 1. Suppose M(t,) is an arbitrary covat"iance
matrix of rank (k+ 1) satisfying (3.22). Then M(t;) may be written in the

general form
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M(t,) = PR (t;) F¥ (3.31)

where the matrix F has n rows and (k+ 1) columns and has rank (k+ 1).

Pre-, and post-—multiplying eguation (3.31) by CP,E_ and CPk respectively,

vields
- t
Ty = FRYV(F @) | (3.32)
and
R, = (®LFR; (Ft @ 3.33
k = (PR )R ( k) - (3.33)
Equation (3.33) implies that
-t p _ pt
R, =& F=TF d)k ,

and therefore, from (3.32), F = Iy . Hence M, given by (3.30) is the
unique covariance matrix of rank (k+ 1) satisfying equation (3.22).

One should not conclude from the above discussion that tlhere is
only one covariance matrix satisfying equation (3.22). If the rank of
M(t,) is unspecified, then there are an infinite number of covariance
matrices M(t,) satisfying (3.22). The following Corollary will exhibit

the general form of a matrix M(t,).

Corollary 3.4. Let r(t,7) satisfy conditions Al ~AS5. Let M, be

defined by (3.30), and let N, be an arbitrary covariance matrix
satisfying r

Then the matrix M(t,) = M, + N, is a covariance matrix satisfying
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(3.22), Furthermore, any covariance matrix satisfying (3.22) may be
expressed as Myt N,. The matrix M(t,) satisfies

k+1 srank (M(ty) <=n .

Proof. Let V be an arbitrary matrix consisting of n rows and
{(n-k-1) columns. Then, a set of non-unique elements of the matrix

¥ may be determined as a solution of the equatidn
via, (t) = 0
Define N, as
N, =V Vt
N, is recognized as the Gramian matrix of vectors which are rows of V.
Therefore N, is a covariance mafrix satisfying Notbk(tc) =0,
rank (Ng) = rank (V), and 0 € rank V < n-k-1. Therefore, if
M(t,) = My + N, , then
k+1 = ‘rank (Mt} s n .

Since

M(to) @, (tg) = M, Bplte) + VV &y (to)

M, (L) = T (o) »
equation (3.22) is satisfied.
Conversely, let M(t,) be any covariance matrix satisfying (3.22).

Let M, be defined as before, and now define N, as
Ny = M(ty) - M,

Then clearly,
No®k(ty) = 0
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Let w be an arbitrary n-vector. Since
t
Ty {to) ®x(te) = Ry (1)

is a non-singular matrix, then I‘]: (t,)w = 0if and only if w is
corthogonal to the columns of '<I>k(to). Since M(t,) is a covarlance
matrix, then
t t_ _t _ .t

0sw Mity) w =w (M *Ny)w =w N,w ,
if w is orthogonal to the columns of @k(to). If w=w, + w,, where
w, is orthogonal to and w; is contained in the subspace generated by
the columns of ®) (t;), then Nyw, = 0 so that

t _ t
WNOW—WI NOWIZO

" for any vector w. Therefore N, is a covarlance matrix.
This section will be concluded by considering several examples.

Example 3.4. Let d?(t)=0 onT for 0 si =n-2 andletd  (t)>0

on T. Then on a subinterval T' of T, the square matrix ¢, _, (1) is

non-singular. An initial matrix may now be uniquely determined as

M(to) = T, _, (to) RZL, (to) T, (to)

(3.34)

-1
Tn_l (tO) (I’n_l (tO) ’

which may be used as an initial condition of the Riccatiequation.
However, on T', (3.34) vields the unique algebraic expression for

M(t). Therefore
-1

M(t) = Tp_, (1) &, _ (1)
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must coincide with the solution of the Riccatl equation on T'. The

matrix ‘I’n_ is recognized as the Wronskian matrix of the basis

1
functions ¢;(t) of the shaping filter. Since ‘I>n_1 is non-singular on
T', the shaping filter may be realized by a single n-th order differ-
ential equation defined on T', which has the operational expression
L{t,p)y = N(t,p)u ,

where L(t,p} represents an n-th order polynomial in p, the derivative
operator, with time-varying coefficients. The operator N(t,p)
generally represents a similar polynomial of order less than n. In the
present case, Lemma 3.2 implies that the impulse response of the
shaping filter, and its first n-2 derivatives are continuous at 7 = t.
Therefore, [3.10], the operator N(t, p} represents a polynomial of
degree zero; i.e., N(t,p) consists only of a time-variable gain.

The present example and the first-order case, considered in

Section 2.3, represent two general classes of autocorrelation

functions which admit factorization by algebraic means.

Example 3.5. Let

r(t,7) =1/2 - 7%/6t, fort> T ,

where t > 0, énd >0, Set
gty = '

and

y{t) =
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The functions dg and d} may be computed from (3.4) as
di(t) = 0 for t> 0 ,

and

di(t) = 1/t* for t> O
Therefore, this example is recognized as a special case of those
‘considered in Example 3.4. The matrices Iy and ®; may be

determined as

t/2 1/2]
Ny = |
t’/6  t/3
and
- [ 1 0 |
@, (t) =
-1/t 1/t%)

The matrix ®,(t) is non-singular for all t> 0 and

. 1 0
B, (t) =
t t?

The unique expression for the covariance matrix M(t) is given by
t t?/2
-1
M(t) = Tu{t) @1 (B) =
t?/2 /3
The coefficient 8(t) may be determined either from (3.23), or directly

from the diagonal elements of M(t) as

1
B(t) = £



The following set of equations describe the shaping filter:

1

x(t) = + u(t)
| .

I
+

yt) = [ 1 -1/t]x(t)

An initial value of the state-variable x(t;) is chosen to be a random

variable uncorrelated with the'input, such that
to t2/2

Efx(t) X' (t)] = M(ty) =
: t2/2  t2/3

Example 3.6. Let
r(t,T) = 3/27+ 57%/6t, fort>7 ,

where t> 0, and 7> 0, Set
1
g(t) =
1/t
and
3t/2
¥ty =
5t*/6

The function dg(t) may be computed as d3(t) = 4. Choosing the

initial time t,= 1, the matrix

1 1/2

M(1) =
1/2 1/3

satisfies the equation
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Y(1) = M(1) ¢(1) ,
is positive definite, and may therefore be used as an initial condition

for the following Riccati equation:

[ 3/2 [ o T3/2 0
- M({t) -M(t)

M(t) =
! 5t/ 3 -1/4% 5t/3 -1/t

1
4
One may verify by direct substitution that the matrix
t t?/2

M(t) =
t?/2  t/3

satisfies the Riccati equation and the initial conditions.
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3.3 _ Reduction of the Riccatl Equation

In the previous section, a matrix Riccati equation of order n was
formulated, the solution of which is M(t), the state-variable covariance
matrix of the shaping filter. If one desires to compute the solution of
the Riccati equation by numerical or othef means, then clearly, compu-
tational efficiency will be increased if the order of the differential
equation can be reduced. We will show in this section that if the integér
k is defined by conditions A4 and AS5, then a matrix Riccati equation may
be formulated for a square submatrix Mg(t) of M(t), where Mg(t) has order
n-k-1, and the remaining elements of M(t) may be obtained from those of
Mg(t) by a set of linear relationships which requires the inversion of a

matrix of order k+ 1, The main result is stated in the following Theocrem.

Theorem 3.5. Let r(t,‘r') satisfy conditions Al - A5. Then a matrix '
Riccati equation may be formulated for Mg(t), a square submatrix of

M(t) of order n-k-1, which is valid on a subinterval of T.

Proof. Since the matrix ®)(t) has rank k+1 at points dense in T,
then there is a subinterval T', of T on which <I’k(t) has rank k+1 |
everywhere., Since *Ilk(t) is continuous, there is a subinterval, T",
of T' on which a square submatrix @kl (t) has rank k+1 everywhere,
By re-ordering the rows of @,(t}, a convenient partition of ®(t) may

be established as
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Py, (1)
S (= | ~"-
Dy, ()

where @kl(t) has rank k+1 everywhere on a subinterval of T. The
submatrix @kz has n-k-1 rows. The matrix T} (t) may also be
partitioned into submatrices T, and Tkz , having k+1 and n-k-1
rows respectively, and a similar partition holds for the vectors
¢{_k+l) ’ 'Y(kﬂ), and 3.

Theorem 3.3 established the validity of the equation

l“k(t) = M(t) @k(t) . (3.395)
- to be satisfied by an admissible matrix M(t). Introducing conformable
submatrices M,(t), Ma(t}, and Mg(t), of M(t), yields for (3.25)

Tpy = My®p, + M, &y,

¢ (3.36)
Tk, = Mz &y + Mg @y,
Inverting the previous equations yields
- -1 -1
M, = Tya ¢I>kl - M, Cbkz @kl
, (3.37)

t_ -1 -1
Mz = Ty, Py = Ms P, ¥

which indicates that once Mg is determined, M,; and M; may be found
in terms of Mg.

In terms of the above submatrices, (3.23) may be rewritten as

k+1 k+1
vy, &FD (KD

Bl M1 Mz @

B2

k+1 k+1
')’z( : ME M ¢z( )

dy

5

. (3.38)



75

By performing the indicated matrix multiplication and substituting
the expressioﬁ for ME derived in (3.37) into the above equation,

we obtain the following eguation for 3;:

g - Mg f
B = —d—k—"’ . (3.39)
where
k+t - k+1
g=%""- IR d. 8-
and
_ (kT -1 (kth
f=ds -, P N -

Noting that 1\:15 =f; B% , (3.39) may be transformed into the following
. matrix Riccati equation, similar in form to that in (3.21), but of

degree n-k-1:
t
. (g- Mg f)(g-Mgf)
MS = 3
dk ?

(3.40)

which is the desired differential equation valid on the subinterval T"

of T.

The proof of Theorem 3.5 depends upon the definition of the
interval T" on which a submatrix <I>k1 is non-singular. It is possible to
extend the domain of definition of the matrix ¢k1 by noting that time‘—
varying elementary row operations [ 3.107] may be pefformed on tI’k (t)
in such a way that the first k+ 1 rows of the row-permuted matrix are
linearly independent vectors for each t in T'. Denote by A(t) the (non-

singular) matrix of elementary row operations. Then by defining
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o
~
[

A <I>k
and

the equation

is valid on T' and may be partitioned as before. If the derivation
uée'd in'the proof of Theorem 3.5 is repeated, a Riccafi equation may be
derived for the submatrix M g . Which is valid everywhere on T' , the
interval on which @) (t) has rank k+ 1.

In certain special cases, the matrix @kl(t) will be defined and
non-singular on the entire interval of intérest', T. A large and important
class of such special cases concerns shaping filters which may be repre-
sented as a single n-th order linear differential equation. It is well
known; [3.12], that the necessary and sufficient conditions that the
state-variable equations {2.5) admit an equivalent repfesentation as a
single n-th order differential equation on the interval T is that the
Wronskian matrix of the vector ¢(t), i.e., the matrix ®_, (t), exists
and is non-singular on T. If such is the casge, then the matrix @k(t) .
which consists of the first k+1 columns of <I>n_1(t), must have rank k+ 1
evarywhere on T. Therefore, the interval T' coincides with T, and the
above proof and discussion may be applied in order to show that (3.40) is

valid everywhere on T.
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Omitted from Theorem 3.5 is the fact that an admissible. solution
Ms(t) of (3.40), together with the transformations in (3.37), determine
an admissible matrix M(t), which is a solution of (3.21). The proof of
this statement is elementary, requiring differentiation of the partitioned
matrix M(t) and substituting equations (3.37) and (3.40). The algebraic
details are tedious and are therefore omitted. Note that the question of
the existence of an initial condition matrix for (3.40) is of no concern,
since M¢(ts) may be chosen as the appropriate submatrix of M(t,) which,
from Theorem 3.4, is known to exist.

As an example of the reduction technique, Example 3.6 shall be

reconsidered,

Example 3.6 {continued). Let
r(t,7) = 3/27+57%/6t, fort>7T .
The function d%(t) has been computed as d3(t) = 4; therefore k = 0.

[

The required submatrices, defined in this section, become

sl
=~
[y
Il
—
e
-+

% & 2 o5e/3

and
¢l(k+1) - 0

The functions f(t) and g(t) become:
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f(t) = -1/t% ,
and

g(t) = 5t/3
The reduced matrix Riccati equation (3.40) becomes

Mg = (-1/t%+ Mg 5t/3)°/4
where Mg(t) is a scalar. To be consistent with the previous con- .
sideration of this example, let t, =1 and Mg(t,) = 1/3. Oné may
verify by direct substitution that the function,
| Mg(t) = t3/3 ,

satisfies the Riccatl equation and the initial condition. Substitu-tion
of the solution Mg(t) = t*/3 into (3.37) yields the following for the

submatrices M,; and M;:

M,(t) =

I
~+
~

and
Ma(t) = t?/2 ,

which is identical with the solutilon obtained in the previous section,

In addition to the reduction of order demonstrated above, it may
be shown that the matrix Mg(t) is related to the solution of a set of
| 2(n-k-1) linear differential equations which are associated with the
Riccati equation. Let z4(t) and z)(t) denote vectors of dimension n-k-1

which are a sclution of the following linear equation:
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a g 2a
= L [-tt ot \ (3.41)

= 2

Let Z(t) represent a fundamental matrix solution of {3.41), such that

Z(t,) = I, and partition Z into square submatrices of order n-k-1, so that

It is well known [3.13] thgt M(t) may be determined frdm the sub-

matrices of Z(t) and from an initial matrix Mg(ty) in the following way:
Mg(t) = [Za(t) Mg(t) + Zo(t) 1[Zs(t) Mg(to) + Ze(£) 17 (3.42)

If one does not desire to reduce the order of the Riccati equation, then

+1
ket respectively

the vectors f and g may be replaced by ¢(k+1) and ¥
in (3.41) yielding a set of linear differential equations of order 2n.
Equation (3.42-) remains valid upon replacing Mg(t) and Mg (to) by M(t)
and‘M(to) respectively.

It has been shown by Levin, [3.13], that M4(t) as obtained from
(3.42) is uniquely determined by specifying Mg(ts), and Mg(t) is identical
to the solution of the Riccati equation (3.40). Note that the matrix in-
version indicated in (3.42) éxists for t=t,, and by continuity, in a |
neighborhood of t,, which reflects the fact that the existence theorem for -
ordinary differential equatioris [3.9] guarantees only a local solution,

It is interesting at this point to compare the results of this

section with the results obtained by Darlington [3.147. Darlington
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considered shaping filters which are realizable by a single n-th order
linear differential equation, and showed for certain cases that the
solution of the factorization problem corresponds to the solution of a

single linear differential equation of order 2(n-k-1). For Darlington,

S
the integer k is interpreted to mean —a—i—h(t,'r) is continuous at
at

k
7=t for 0 i =k and aa  h(t,r) has a simple discontinuity at 7=t,
t

where h(t,7) is the impulse response of the shaping filter. The results
of Section 3.1 imply that k, as (implicitly) defined by Darlington, is
identical with k as defined by conditions A4 and A5 in the present work.
It was shown above by utiiizing a linear cons&aint imposed on
the covariance matrix M(t), that the coefficients of a shaping filter
represented by (2.5) can be determined vié the solution of a set of
‘ linear equations of order 2(n-k-1), thereby illustrating a point of
coincidence of the present work and the work of Darlington.
Although the results of this section were introduced by an appeal
for computational efficiency, it is clear that, depending on the value of
'k, whatever efficiency is gained by redﬁcing the order of the Riccati
equation may be lost by requiring inversion of a matrix function of
order k+ 1. The same comments apply if one were to compute solutions
to equations (3.41) and (3.42). In this case, the differential equation
has order 2{n-k-1), and the matrix function to be inverted has order n—k—l.‘
Clearly, if any computational scheme is to be effective, one

must be assured that the desired solution will exist in more than an



unspecified neighborhood of t,. The next chapter will be concerned
with the determination of global solutions of the factorization

problem.
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CHAPTER IV

REALIZATION OF THE SHAPING FILTER:

GLOBAL EXISTENCE

4.0 Introduction

The results of Chapter III are limited in the.s'ense that a solutioln
of a Riccati equation is guaranteed to exist only in a local neighborhood
of the initial time. In this Chapter, sufficient conditions will be formu-
lated which allow the Riccati equation, and hence, the factorization
problem, to have a global solution.

An interésting and important result presented here is the formu-
lation of a set of criteria, not including A3 the non-negative definite
‘condition, which are necessary and sufficient to describe the class of
autocorrelation functions under consideration.

If the factorization problem has a global solution, then stability
of the shaping filter is an important consideration. Stability will be
defined in an appropriate way and a sufficient condition for the stability

of the shaping filter will be established.
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4,1. Global Solution of the Factorization Problem

The standard existence theorem for ordinary differential equations
(4.1] implies that a sclution of a non-linear differential equation exists
only in a local neighborhood of the initial time. It is well-known that a
solution of a non-linear differential equation may exhibit the phenomenon
of finite escape time; i.e., the solution may become unbounded at a finite
time after the initial time. Finite escape is relevant to the factorization
problem because the Riccati equation is non-linear.

The followinglexample considers an apparently well-behaved auto~
correlation function for which the corresponding covariance matrix, M(t),

exhibits the finite escape time phenomenon.

Example 4.1, Let

/‘

\ -max(t,7) , fortand r < 0 ,
r(t,y) = °
N 0 ,fort or > 0 .

The functions ¢ and ¥ may be determined as

t , forteO
g(t) =
0 , fort=0 ,

and

y(t) =1, forallt

Although the results of Chapter III may be used to formulate a Riccati
equation for M(t), the present example corresponds to the first-order

case, which was considered in Section 2.3, énd'M(t) may be obtained

algebraically as
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M(t) = -1/t , for t< 0 .

Clearly, M(t) escapes at t = 0. The coefficient of the shaping filter
may be determined as |
L
B(t) = [M(H)]* = £ 1/t ,

which also escapes at t =0,

Clearly, such unbounded behavior of M(t) is undesirable,
especially if simulation is contemplated. The present cbjective is to
establish conditions which suffice to prevent finite escape of M(t). Such a
condition is readily available in the first-order case, as was shown in
Section 2.3. Indeed, if the function @(t) is such that @(t) never vanishes
indefinitely, then the results of Section 2.3 indicate that M(t) may be
defined for all t, where t, <t < «, and ¢(t,) # 0.

| In order to effect a generalization to the multi-dimensional case,

it is both convenient and natural to utilize the concept of complete observ-
ability. Kalman [4.27 has shown that the shaping filter, represented by
equation {2.5), is completely observable if and only if for any t;, there is
a finite ch > t; such that the functions ¢;(t}, for 1 =1,2,... n, are
linearly independent on the interval [t;, t;]. ‘Theref_ore, one may determine
directly from the given data whether the shaping filter will be completely
observable. In the first-order case, complete observability reduces to the

non-vanishing property of ¢(t), discussed above,
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The following TheoremT shows that complete observability is
sufficient to insure that the desired covariance matrix M(t) is finite pro-

vided that M, is sufficiently small.

Theorem 4.1, Let T=(t,,=), and let r(t,7) satisfy conditions Al

and A2, let r(t,t) and ¢(t) be finite for t, st < =, and le_zt r(t, ) admit
factorization so that | |

r(t,7) = ¢" () M(min (t,1)]8(T) |
where M(t) is admissible. Then M(t) is finite fér all t in T provided that
values of M(ty) are suitably restricted and that the shaping filter is

completely observable.

Proof. Let x(t) be a vector-valued random process for which

M(t) = M[x(t) x ()] ,
and define a scalar-valued process v(A) as

v(A) = 850 (1)
for fixed t and all A =zt. Then, from Theorem 2.1, the function

ELv(M) v(£)] = 6" () M(t)8(2) (4.1)

is an autocorrelation function. By hypothesis, M(t) is non-decreasing
so that

E[vE(0)] = 65 (0) M(1) 6(A) < r(A,\) (4.2)

for A =t. The Schwarz inequality states that

1 Theorem 4.1 was originally stated without proof in [4.37.
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(E[v) v(8)])*< ELv¥(A)] E[VP(9)]
which may be applied to (4.1) and (4.2) to yield
PMBeE ] s FAN HE DT <o L (43)
for all A zt; and g >t,

Pre-multiplying and post-multiplying equation (4.3) by ¢{A) and

¢t (£) respectively, yields

[t 00 0" M(5)2(8) 0°(8) | = [Ero() M x(E 91T @) L (4.9)

where "tr" abbreviates trace.

Equation (4.4) may be integrated with respect to both variables A
- and g€, between the limits t and t'. On the left side of equation (4.4),
the double integral may be moved within the magnii;ude sign and then
commuted with the trace operation without invalidating the inequalit?.

Define the non-negative definite Gramian matrix of the functioné
¢i(t) as

t! t ' )
G(t,t') = [ #(X) ¢ (A)dr (4.5)
t .

It is well-known [4.4] that singularity of the Gramian matrix is
necessary and sufficient to determine the linear dependence of the
functions @ (t) on the interval [t,t']. However, by assumption, a
finite t' > t may always be found so that G(f,t') is non=~singular.

Lét the . scalar p(t,t') denote the result of integrating the right-

hand side of equation (4.4), i.e.,
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0 o= (Ut 4t %
pre,t) = [ [ 1070 [rd, X r(2,9)]7 8(0) | dAde . (4.6)

: Since‘ the integrand of equation (4.6) is finite, equations (4.4),
(4.5) and (4.6) yield
[tr G(t,t") M(t) G(t,t)]| < p(t,t') < o | (4.7)
Since the left side of equation (4.7) is boundéd, the magnitude sign
may be omitted. One may then show, using elementary properties of
non—negative definite symmetric mairices, that |
tr M(t) s p(t,t") r* G~ (t,t') < =
which must hold for all t' for which G~! is non-singular. Therefore,
tr M(t) < 1tn|f pt,tY 2 Gl (t,t') < » (4.8)
" In particular, tr M{t,) cannot violate the inequality (4.8), for then

M(t) must have a finite escape time, thus vioclating (4.8).

Theorem 4.1 states that the covariance M(t) is finite provided that
M(ty) is sufficiently small. Clearly, (4.8) provides a necessary but not
sufficient upper bound on tr M(t,). The following Example explores the

finite escape phenomenon for a stationary random process.

Example 4.2, Let

_ 4 _Jt-7| _ 5 _2|t-7|
r(t,7) = 3 e - 12 e
and let
%et et
Yty = 5 and ¢(t) = ,
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Application of the reduction technique of Section 3.3 yields the follow-

ing Riccati equation for the scalar covariance Mg(t):

M(t) = (-Z—ez‘i - Mg(t) e'“)2 . (4.9)

From (3.22) and Corollary 3.4, the minimum value of M(0) is

Mg(0) = 75/396. The general solution of {4.9) ,

25 at 1 (Ms(o) '25/4)e10t

M_(t) = 1° "4 Mg(0) - 1/4 (4,10)
° NEAUE 25/4)8‘“
Mg (0) - 1/4 |

is illustrated in Figure 4-1 for several values of Mg(0).
If Mg(0) > 25/4, then the denominator of (4.10) will vanish at a finite

time t> 0, so that Mg(t) will have a finite escape time. If
| 75/396 < Mg(0) < 25/4, then Mg(t) will be well-behaved. However,
the upper bound given by (4.8) is tr M(0) < 3484, But corresponding to
M/(0) = 25/4, we have from (3.37) that tr M(0) = 57/4, illustrating
that (4.8) is necessary bﬁt not suffiéient to insure a finite M(t).

Two solutions of (4.9) are of special interest. Corresponding to
Mg(0) = 25/4 is the solution

Mg, (1) = 25/4 €'t

and corresponding to Mg(0) = 1/4 is the solution

M, (t) = 1/4 €'t

Evidently from (4.10)

lim Mg(t) = 1/4 e*!
t= > _
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In m.m)'r h
REGION OF SOLUTIONS

»HAVING FINITE
ESCAPE TIME

REGION OF SOLUTIONS
ASYMPTOTICALLY

" STABLE IN THE SENSE
OF LIAPUNOV

FIG. 4-1 ILLUSTRATING BEHAVIOR OF SOLUTIONS Mg (t) OF EQUATION
(4.9) FOR VARIOUS INITIAL VALUES M4(0). SOLUTIONS Mg (t)
AND Mso(t) CORRESPOND TO TIME-~INVARIANT SHAPING FILTERS



92

for all Mg(0) « 25/4. Therefore the solution M (t) correspond;ing to
M(0) = 25/4 is unstable in the sense of Liapunov and represent;s a
separatrix, and the sclution Msz(t) corresponding to MS(O) =1/4is
asymptotically stable. The transfer function of the shaping filter cor-

responding to Mg, (t) is

s -3
(st1)(s+2)

Hy(s) =
and the transfer function of the shaping filter corresponding to Mg,(t)
is

s+ 3
(s+1)(s+2)

Hy(s) =
The transfer functions H; and H, represent the two realizable solutions
" of the factorization problem which are produced by the Bode-Shannon
technique [4.5]. But since Mg,(t) is unstable, then H,(s) cannot be
realized using the present factorization technique. Note further thaf
H,"Y(s) is unrealizable and that H; }(s) is realizable (with the exception
‘ of a required differentiation.) Therefore the solutions of (4.9) for
Mg (0) < 25/4 determine shaping filters which are asymptotically time-

invariant and which converge to a shaping filter having the transfer

function H,(s). The whitening filter corresponding to Hy(s) is stable.

The above example established a relation. bétween the finite
escape time phenomenon and some asymptotic properties of the shaping
filter. This example suggests that a similar relation may hold for

stationary processes in general, and possibiy for some non-stationary
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processes. Future research will examine this question.
Theorem 4.1 is difficult to apply because (4. 8).1s only a necessary
upper bound for tr M(t). A sufficient bound for tr M(t) related to the

" solution of a scalar differential equation, is presented below.

Theorem 4.2. Let r(t,T) satisfy Al - A5 and let V(t) satisfy the

differential equation

. I <k+1>"2 (ktnt, (ki (kt1y 2
k k k

where ||| represents the Euclidean norm. Let Vy o (t,) be the largest
value of V(ty) such that the solution of (4.11) corresponding toV(ty) has
' no finite escape time for t =t,. Then any solution M(t) of (3.21) is

finite for all t = t, if tr M(ty) < V.. (to}.

Proof. Using elementary properties of non-negative matrices, we may

transform the Riccati equation (3.21) into the following

inequality: |
- k¥lyp (ktht (ktl) ' (k+1y
4 omele” gy 2le v Tl e
dt dj. daf df

Let V(t) be the solution of (4.11) corresponding to the initial condition

vV (ty) and let tr M{ty) <V Subtracting (4.12) from (4.11)

max max (to) .

vields
' (k+l) 2
d
'E(V— tr M) = u—%”—(V-trM)z

+ KHLE (k.
208%™ Py 1p TR,
di

(V - trM)
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d
Note that E(V-tr M) is non-negative if and only if V-trM is non-
negative, so that V-trM cannot change sign. Hence, if

Vinaxite) —tr M(to) > 0, then V(t) -tr M(t) >0 for all t> t,.

Theorem 4.2 requires the solution of the Riccati equation (4.11) in
order to provide an upper bound for tr M(t,). However, if the coefficiénts
of (4.11) are bounded by exponential functions, as is the case for some

stationary random processes, then an explicit upper bound may be obtained.

‘ (ktly 2 I (kt1y | Iz ‘
Let b @l s Af ea!t ¢ L < A’ e"at and

dg(t) ! ’ df(t) ’

B y K Dy |
di (t)

< AA; , for some A, A; and > 0. Then (4.12)

becomes

itrM(t) < (i-\.lealt’/Z + By g™t/

n 2 tr M(t) )2 (a1

Equation (4.13) may be integrated in closed form, with the result that if

g_;zm+(az— 4A1A;_a)%
tr M(0) < YR Y, : ' (4.14)

where
a > 44,4,
then M(t) will be finite for all t = 0. But, from Corollary 3.4,
rM(0) = tr T (0) RF*(0) §E(0) | (4.15)
Therefore, if (4.14) is to provide a meaningful upper bound, (4.14) and
(4.15) must be consistent. Henceforth, we will assume for simplicity

that solutions M(t) of (3.21) are finite forall t> t,.



In order to realize the shaping filter, one needs assurance, not

only that M(t) is finite, but that the coefficient B(t) is finite. As the
following first-order example shows, M(t) may be finite but B(t) may

become infinite at a finite time.

Example 4.3. Let r(t,7) = ¢{t)¥(r) for t = T, where

1
8ty = |t|?, and

1
2 |t,t|* -2 1t], fort, st =<0

¥(t) 1
2 |t,t|®2+2|t], forty,=0st ,

and for t, negative. Using the technique of Section 2. 3, we may
calculate M(t) as

_xy
M(t) = = 1
® = 5 2 [t,)2+2|t]? , for to< 0 <t

(X

EY
3

2 |t |°-2]t}* , for tyst =0

| S

Clearly, M(t) is non-negative, non-decreasing, and finite for t =t;.

Differentiating the above expression yields

=

M(t) = |t]™% , for tzty ,
and
By = [M®IF = 1™,
which is unbounded for t = 0.
From Lemma 3.2,
dott) = ot By = e,

which is zero for t = 0.

95
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The followihg Theorem presents conditions which are sufficient to

guarantee that the function B(t) is finite.

Theorem 4.3. Let r(t,T) satisfy conditions Al -A5, and let M(t) be

defined for all t = t,. Then A(t) is finite for all t » ty .

Proof, From Theorem 3.3, the covariance: matrix M(t) may be

obtained as a solution to the matrix Riccati equation (3.21), and bs'r

assumption, M(t) is finite. The coefficient B(t) is determined from
.

equation {3,23) as

y* ™ - My ¢Sy
dk(t) ( !

B(t) =

+1 +
The functions Y(k )(t) and cb(k 1’(t) are finite on T since, by condition
Ad, they are continuous on T. The function dk(t) does not vanish on

T, -by condition A5. Therefore j(t) is finite on T.

The condition that dj (t) be non-vanishing on T is only a sufficient

condition as may be verified by reconsidering Example 2.1.

Example 2.1, (continued)

r(t,7) = TcosTcost .

Letting

]

8(t)

cost ,

and

Il

Y(t) tcost ,

it was previously established that
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M(t) = t ,
and
Bl =1,
which are finite. However,
do(t) = @(t) B(t) = :!:éos t '

which vanishes at t = (2n-1)7/2, for n=1,2, ...

We have introduced sufficient conditions in Theorems 4.1 - 4.3 which
guarantee that the covariance matrix M(t), and the coefficient B(t) must
be finite. Therefore, a solution of the Riccati equation, and of the
reduced Riccati equation discussed in Section 3.3, may be defined
globally, and the factorization problem has a global solution.

Although emphasis in Chapter III has been given to questions of
 existence and realizability, the results of this section allow the
possibility of practical computation of the solﬁtion of the Riccati equation.
Digital computer programs designed for numerical integration of a matrix
Riccati equation are in existence. [4.6], [4.7]). Therefore, one may
consider the preceding results not only as an existence theory, but as a
constructive factorizatibn technique which will yield numerical values of

the coefficients of the shaping filter.
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4,2, Characterization of Autocorrelation Functions

With the assumption that M(t) is finite added to the list of basic
conditions Al ‘-AS, it is possible to characterize the class of auto-
correlation under consideration in a simple fashion which obviates
explicit reference to condition A3, the non-negative definite condition.

Such a characterization is desirable because, with the exception
of A3, conditions Al - Ab provide simple criteria which .must be satisfied
by the given functions ¢(t) and ¥(t); tests for these criteria may be
devised which require only a finite number of calculations. On the othér
hand, the definition of the non-negative definite property, given in A3,
requires calculation of an infinite number of determinants of all orders.
Clearly, a test based directly on the definition of the non-negative
definite'property will never terminate.

If the given autocorrelation function corresponds to.a stationary
random process, i.e., if r(t,T) is a function of the difference It- 1'| ,l
then the non-negative definite property has a simple physical inter-
pretation. Bochner's theorem [4.8] states that a continuous, symmefric
function r(t- 7) is an autocorrelation functioﬁ if,.‘ and only if r{t- 1) is
the Fourier transform of an everywhere non-negative function. In other
words, r(t - ) must correspond to a physically meaningful, i.e., non-
negative, power spectrum. Clearly, the methods of Fourler analysis and
the use of appropriate approximation techniques may provide a finite test

to be applied to functions r(t-T).
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In the non-stationary case, Fourier or frequency-domain analysis
is generally inapplicable. However, there is a result based on spectral

decomposition, which bears some resemblance to Bochner's theorem.

Consider the following integral equation:
jT r(t, ) 8; (M dr = A8 (1) _ (4.16)

Solutions 6,(t) are the eigenfunctions of the kernel r(t,7), and the scalars
A are the eigenvalues. It is well-known, [4.97, that the kernel r(t,7) is
non-negative definite if, and only if all the eigenvalues Ai are non-
négative. But, there are, in general, an infinite number of functions 8;(t)
and scalars )Li satisfying {(4.16). In addition, solutions 8;(t) are
generally unavailable in closed form. Therefore, a test based on solving
(4.16) will not terminate. Furthermore, such a test has an additional
- shortcoming. Suppose that r(t,7) is given as the result of a procéss of
approximation and interpolation performed on a set of data points. Then it
is possible that r(t,7) may satisfy A3 on T' x T', where T' is a subinterval
of T, but may not satisfy A3 on TxT. In such a case, sc.)me of the eigen-
values A; will be negative, indicating that r(t,r) does not satisfy A3 on
Ty T. Inader to determine the sub-square T' x T' on which r(t,7) is non-
negative definite, it is nece.ssary to investigate (4.16) on every sub-
interval of T, which process does not terminate.

In the present case, the class of functions r(t,ﬁ') is not completely

general. Physically reasonable limitations have been imposed on r(t, ) to
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the effect that r(t,T) is separable, and differentiable a finite number of
times. As will be shown below, these restrictions on the class of

functions r(t,T) allow the formulation of easily applied criteria, which
are necessary and sufficient to determine whether a particular functi on‘

r(t,r) is non-negative definite.

Theorem 4.4. Let T = (t,.t;), and let r(t,r) satisfy conditions Al,

A2, A4, and A5, If r(t,7) satisfies A3 on TxT, then
(a) d2k>o, forall t in T,

and (b) Ry(t) > 0, for t dense in a neighborhood of t,.

Proof. The proof of the Theorem follows directly from Corollary 3.3

and Lemma 3.4.
Sufficiency is established in the following Theorem.

Thecrem 4,5. Let T = (t,,t;) and let r(t,7) satisfy conditions Al,

A2, A4, and AS5. If

(a) dé(t) >0, forall t in T,
k

and (b) Ri(t) > 0, for t dense in a neighborhood of t,,
then r(t,r) satisfies A3 for t and 7 in a neighborhood of t,. If, in
addition to {a) and (b) above, some solution M(t) of (3.21) is finite for

t in T, then r(t,T) satisfies A3 on T xT.

Froof. | The hypotheses Al, A2, A4, and A5 insure that the matrix
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Riccati equation (3.21) maybe formulated for a matrix M¢), and (3.21) is
valid on T. If d& (t) > 0, then (3.21) implies that M(t) = 0.
Hypothesis (b) a‘nd Theorem 3.4 implies that a symmetric initial

matrix M, may be determined at a point t', arbitrarily close to t,,

such that

Myg20 ,
and

T (t') = My $p (1)
Therefore

M(t) = M, + It.t M(A) dA
is an admissible. matrix. Theorem 3.3 implies

Ti(t) = M(t) Pp(t) ,
for all t in a neighborhoed of t', and in particular,

Y(t) = M(t) 8(t) . (4.17)

Therefere, from Al and A2,

r(t,T) = tbt(t) M{min(t,T)]2(T) .
for tand Tina néighborhood of t', and from Theorem 2.1, r(t,T)
satisfies A3 for t and 7T in a neighborhood of t'. But t' may be chosen
arbitrarily close to t,. Hence r(t,r) satisfies A3 for t and T in a
neighborhood of t,. |

If M(t) is finite on T, then (4.17) is valid everywhere on T. Hence,

r{t,7) satisfies A3 on T xT.
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The results presented above completely characterize the non-
negative definite property of the class of functions which satisfy con-
diti.ons Al -A5. Note that condition (a) requires only the determination of
the sign of a scalar-valued function on an interval. Condition (b) requires
that a matrix of order k+1 be positive definite in an arbitrarily smail
neighberhood of a point. An equivalent condition, [4.10], requires that
k+1 determinants, of orders 1 to k+ 1, be computed , and their signé
determined in a small neighborhood of the point t,.

The present results and Bochner's theorem are similar in the sense
that both require the determination of a quantity which in the stationary
case is regarded as the power spectrum of the process, and in the non-
stationary case, is regarded as the instantansous power o¢f the white-
~ noise component of the k-th derivative of the process. This similarity,
although interesting, is limited as shown in Example 4.5.

The following examples will conclude this section.

Example 4.4. The First-Order Case

Let
#(t)y ¥(r), fortz=r
r(t,7) =
g(myyt), fort<<rt ,
where ¢ and Y are continuously differentiable on T = (t,, t;), and ¢

never vanishes indefinitely on T. Assume r(t,,t,) > 0, and

d2(t) > 0 on T. Then,
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Defining M = /¢ implies
a2 =M > 0
Therefore,

M(t) >0, fortin T

With M(t) defined above, we have

_ _rte) At
Mo = Mlto) = Tt "1t s )

Therefore,

t
M(t) = Mg+ [ M@)dx 20 ,
t

Q

and M is non-decreasing on T, so that r(t,T) is ah autocorrelation

function. This analysis confirms the discussion of Section 2.3.

Example 4.5, Let

r(t,r) = -2e-|t-‘r|+ Se_zlt-“’.| .

and let

-2 et e‘t

y(t)y = ‘ , and @(t) =
' 3€2t _ e—Zt

" Then dg (t) = 8, and r(t',t) = 1. Hence, from Theorem 4.5, r(t,T) is
non-negative definite in some region. r(t,7) has the appearance of
a stationary autocorrelation function. The Fourler transform of r(t, 1)

may be determined as
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16 w° -4
(We+1) (Wo+4) ’

which has both positive and negative values. Therefore from Bochner's
Theorem, r(t,T) is not non-negative definite, which is an apparent
contrédiction. Application of the reduction technigue in Section 3.3
yields the following Riccatl equation for the scalar covariance Mg(t)

¢ 1 _
M(t) = E(Se?‘t + Mg(tye2t)? ,

which has the general solution

[Ms(to)+13- V160 o2 VIBO(t-to) _ o, \/1—6—0} St
Mg(to) + 13+ V160 :

Mg(ty)+ 13~ /160 o2 V160(t -t,)
Mg(te) + 13+ V160

Mg(t) = . (4.18)

1 -

Mg(t) is finite for all t > t, provided that Mg(ty) s V160-13 < = . But,
from (3.22) and Corollary 3.4, Mg(t,) =9. Hence, any solution of the
Riccatl equation which is relevant to the factorization problem must
have a finite escape time. Therefore r(t,ﬂ is non~negative definite

in only a finite region which may be determined from (4.18). This
conclusion is not inconsistent with Bochner's theorem, since Bochner's

theorem applies to r(t,7) defined for all t and r.
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4.3 Stability of the Shaping Filter

In this section, a condition for the stability of a shaping filter
represented by (2.5) will be developed. Stability is to be defined in the

following way.

Definition 4.1. A linear system is L,I,.B.O. stable if every square-

integrable input produces a bounded ocutput.

The following Lemma provides a sufficient condition for L;1.B.O.

stability.

Lemma 4.1, A linear systemis L,I.B.O. stable if

t
[ Rt,mdrsC <=,
to

for all t =z t,, where h(t,r) is the impulse response of the linear

system.

Proof. From the Schwarz inequality,

t t t &
v =[] hit,numndrls [ n¥t,ndr [ ¥(ndrsc [ u¥(ndr.
to to t0 to

Therefore, according to the hypothesis of the Lemma, every input u(t)
which is square-integrable on the interval [t,,=) will produce an

output y(t) which is uniformly bounded on [ty ,=).

Although the stability criterion defined above may seem arbitrary

and unfamiliar, this criterion was chosen for two reasons. First, the
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criterion is extrinsic; that is, L,I1.B,O. stability is characterized by the
externa_l (1nput-outpi1t) behavior of a system rather than by the internal
behavior of a state-variable model of the system. It was mentioned in
Section 2.1 that equivalent state-variable models of a linear system
preserve the external behavior (impulse response) of the system, but do
not preserve such internal properties as stability of the state—variable..
In particular, the shaping filter model in (2.5) may have a Well—behav.ed
input-output description, but wiil rarely be well-behaved internally; i.e.,
the state variable x(t) and the coefficients B(t) and @(t) will generally be
unbounded. Clearly, an extrinsic stability criterion is desirable-.

The second reason for checosing the stability criterion in
Definition 2.1 is that the L,1.B.0O. stability property may be directly
related to appropriate properties of the autocorrelation function r{t, ), as

the following Theorem indicates.

Thecrem 4.6. Let T represent the interval (t,,=), and let r(t,T)
satisfy conditions Al - A5 on T and let M(t) be finite for all t = t,.
Then any shaping filter corresponding to a finite M(t) is L,I1.B,O, stable

if r(t,t) s C < = for all t.

Proof. Since r{t,T) satisfies Al - A5, there is an admissible matrix
M(t) satisfying
t
r(t,7) = ¢ (t) M{min(t, )] &(7) .

’

for all t and 7 in T, and by assumptidn, M(t) is finite. Therefore from
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{2.10) and (2.15),

=>C 2 r(t,1) = 8°(t) M(t) #(t) > 8'(t) [M(t) - M(t;) ] B(t)

t
= [ b¥t,m)dr .
t

o

for all t in T, where the last equality is valid regardless of the
choice of initial covariance M(t;) provided that M(t,) produces a
finite M(t). Hence, ﬁjom Lemma 4.1, any shaping filter correspond-

ing to r(t,T) is L, I.B.O., stable.

For time-invariant or periodically varying systems, L,1.B. O,
stability is equivalent to the more familiar concept of bounded input
bounded output (B.I.B.O.) stability. It is well-known [4.11] that a
time-invariant (periodic) system is B.I.B. O, stable if and only if all
poles (characteristic exponents) of the system have negative real parts.

The impulse response of a time-invariant or periodically-varying

system may be written as

n
{(t-T
h{t, ) =§ aj(t) bj(t-7) ¢; (1) epl( ) .
i=1
For a periodically-varying system, the functions ai(t) and ¢4(t)
for i=1 ... n, are periodic with a common period, the functions by(t 1)
are polynomials in (t-7), and the complex constants p; are the char-

acteristic exponents appearing in conjugate pairs. For a fixed system,

the functions aj(t) and cy(t) are unity, the functions bi(t-T) are
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polynomials, and the p;'s are poles.
Then,

an _
b?(t,7) = z aj(t) By(t - 1) (1) PUE=T)

i=1
where gi(t) and T)i(t) are periodic or unity, -I;i-‘(t-'r) is a polynomial, and
the constants Ei are appropriate sums and differences of the constants
Pj - Clearly Re (}':Ti) < 0 if and only if Re (pi) < 0, for all i. The function
hz(t,'r) may itself be regarded as an impulse response of a time-invariant
or periodically varying system which, as is well-known [4.11], is

B.I.B.O, stable if and only if

t
J R, mdrsC <=,
t

o]

for all t. Therefore, the equivalence of B.I,B.0O. and 1,1.B.O, stability
for time-invariant and periodically-varying systems is established,

It is possible, using some recent results of Silverman and
Anderson [4.127] concerning stability of linear systems, to develop
general criteria for B.I.B.O. stability of the shaping filter. However,
such criteria have the disadvantage of requiring detailed knowledge of
the behavior of the covariance matrix M(t) and the coefficient B(t), which
thus far, have not been siinply related to properties of the given auto-
correlation function r(t,r). It was shown in Theorem 4.6 that L,I1.B.O.
stability may be readily established by inspection of r(t,t}. Therefore,
the introduction of this unfamiliar definition of stability is appropriate

and justified in the present context.
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CHAPTER V

REALIZATION OF THE SHAPING FILTER:

SINGULAR CASES

5.0 Introduction

It was convenient in the previous sections to require the index
functions dzk(t) to be strictly positive on the-interval‘T. In this
chapter, the class of autocorrelation functions under consideration is
extended by considering cases for which dfc(t) = 0 at an isolated point

‘t'in T, and for which df (t) = 0 for all ¢ iﬁ T, and for 0 <{ <n-1. In
the former case, sufficient conditions are established which guarantee
-that theRiccatl equation has a solution which is continuous at the
singular point. In the latter case, a Riccatl equatibn cannot be formu-
lated, but an algebraic solution of the factorization problem is

developed.
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5.1 Riccati. Equation With an Isolated Singular Point

Cases for which d"'k = 0 at a point are of more than academic
interest, since they may frequently be encountered in practice. For
examplé, if the behavior of a periodically fading radio channel is to be
simulated, then one might require the coefficient ¢(t) to vanish periodi-
cally. It is possible, then, that dzk(t) may vanish periodically. and
hence, the Riccati equatibn will have periodically spaced . isolated.
singular points,

The purpose of this section is to examine the solutions of the
Riccati equation {3.21) in a neighborhood of a singular point, and to
demonstrate that under certain conditions, there exists a solution M(t)
of the Riccati equation which may be extended continuously past the
singular point. We assume for simplicity of analysis that the Riccati
equation has a single isolated singular point at t = t', and that
assumptions Al - A5 hold in the open intervals T, and T,, where T,=(a,t")
and T,=(t',b) and a<t' <b. Thendi(t)> 0 forall tin Ty and T,, and
df(t') = 0. We will restrict attention to those solutions M(t) of (3.21)
which afe finite,

In order to establish the de.sired results, the intervals T, and T,
must be considered separately. The following Lemmas establish pre-
liminary results Which are applicable on T,.

Lemma 5.1. Let ‘r(t,'r) satisfy conditioﬁs Al-AbonT, and T, and

let di(t') = 0. Let My= M(t,), satisfying (3.22), be an initial
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condition for theRiccatl equation for t, in T;, and let M(t) be every-
where finite. Then the solution M(t) is continuous on [t,,t'), and
the left-hand limit

lim M(t) = M~
t=-t'

exists. Therefore M(t) is uniformly continuous on (t,,t'].

Proof. By assumption, M(t) is fihite, Furthermore, M(t) is
admissable in [t ,t'), and hence, is monotone. Therefore

lim M(t) = M~
t-t

exists and is finite. By including the value M™, M(t) may be defined
on the closed interval [t,,t'] and is continuous, and hence, uni-
" formly continuous on that interval.
By slight abuse of the definition of the term solution, M(t) will

be called a solution of the Riccati equation for all t in [ty ,t'].

In order to show that M(t) may be extended continuously past the
singular point t', we will show that the totality of solutions of the .

Riccati equation are equicontinuous on [t,,t'] . Equicontinuity is defined

as follows:
. Definition 5.1. Let A assume values in a parameter set A, and
let I] * || denote an appropriate matrix norm. A set of (matrix-valued)

functions [MA(t)] is eguicontinuous at a point r if, for every €>0,
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there exists a 6 > 0 such that
[ My(m-My(n] <€,

for t suchthat |7-t|<§ and for all A in A,

The set {Mk(t)} represents the totality of finite solutions of -
the Riccati equation corresponding to the set of initial conditions

{M;(to)} which contains covariance matrices satisfying
Ty (ts) = My (to) Py (to)

It will be ncessary for later development to restrict attention to those
matrices M) (ty) which are non-singular.

Certainly, the set {M,;(t)} is equicontinuous on [t ,t'), since
for each A Mjy(t) is continuous on [t,,t'), and from Theorem 4.3,
L}I;\(t) is bounded on [ty ,t' - €] for any € > 0, and the bound on I\“IIA(t)
is independent of A .

Since the set {M;\(t)} is equicontinuous, the Ascoli lemma [5.1]
implies that { MA(t)} has a uniformly con'vergent subsequence M,; (),
i=1,2,... . We will digress for a moment and show th_at'if M(t) is
the uniform limit of a sequence of solutions My, (1), then M(t) is also a
solution of the Riccati equation (3.21). This result will be useful later
in this section. Denote the right-hand side of the Riccati equation by

F[M) (t), t]. Then (3.21) becomes

M; () = F[My(t), t]
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which may be integrated to yield

t
Myj () = MM(toHJ; F[My (1), rldr . (5.1)
LG

If

Hm My, (1) = M(t)

"=

uniformly on [t;,t'), then (5.1) becomes

t
M(t) = M(t,) +111m ‘rta F[My (), r]dT . (5.2)

Set Myj; = M + Ay, , where A); vanishes uniformly in t in the limit.

Then, expansion of the function F[Mn(t), t] vields

F[Myy(t), t] = F[ M(t) + 2y,(t), t]

i

FIM(t), t]1+ G[Ay(b), t] .

where the function G[Ay;(t), t] is bounded and contains only linear and

quadratic terms in Ay,. Therefbre the norm of G satisfies
IGAay (0. 1] s | Ay ] € .
where C is a finite constant, for ||Aj(t) || sufficiently small. But

t t :
lim | J‘t GAyy(7), r1dr] < lim It | GLAy(m. 71| dr
o ) o«

1=e o

t
slim CJ |ay(n]|ar
1~ = to .

=0'

since Ajj(t) vanishes uniformly in t. By applyin'g this result to (5.2),
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we have

t t
lim jt P[My(T), 71dr = jto F[M(7),7]dr

i-.w (o}

Therefore M(t) is a solution of the Riccati equation for tin [ty ,t'].
It was shown above that {M,(t)} is equicontinuous for all t in
[ty ,t'). We now demonstrate that under certain conditions, [Ml(t)] is

equicontinuous for t =t'.

Lemma 5.2. Let {M,(t)} be the totality of finite solutions of the
Riccatl equation corresponding to the (non-singular) initial
conditions {My(ty)}. If

t . cktit
sup Y

t, St st “to

() 8K () - g KTy KD g S
di (1) -

T=N< e,
(5.3)

then the set fMl(t)} is equicontinuous from the left for t = t'.

Proof. Let _ -
.},ck“)
£= s+

and
-_¢(k+1)‘
97 .},(k“)

Let Z(t) be a fundamental matrix solution of the 2n-th order

linear differential equation

t

. f
Z(t) = —%k%-famzm . - (5.4)



and partition Z(t) into n-th order square submatrices as

4 Z,
7 =
Za Z4
We show first that
lim Z(t) = Z~
t—t'

exists , where the above expression defines 7",

Let the 2n-vector z(t) be any column of Z(t), and define a

scalar w(t) as

wit) = g (1) 2(0) |
and a scalar Wo(t) as |

wolt) = g (1) 2(ty)

Then (5.4) becomes

o EHE)

which may be integrated as follows:

z(t) = z(t,) + Jt a%'(c%)—w(-r) dr
o]

Pre-multiplying (5.8) by gt(t) yields

t t
wit) = wo(t) + [ [ Jw(nydr
tD

df (1)
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(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

a Volterra integral equation which must be soclved to obtain w(t),

According to (5.6), w(t) depends on the choice of initial value z(t,).
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The vector z(t) may be determined from z(t,) and w(t) by (5.8). By
choosing 2n linearly independent initial valuez z(t,}, 2n functions
z(t) may be generated which are linearly indeﬁendent on [ty .t]. Thus,
solutions w(t) of (5.9) will determine a fundamental matrix Z(t). We
must therefore determine the existence and unigueness of sclutions of
(5.9) on the interval [t,,t'].

Denote the kernel of the integral equation (5.9) by
t

K(t,T) = 9—%{%)@— :

and consider the integral operation

t
vit) = [ K(t,7) w(r)d T+ wy(r) = Aw
to

Let wy(t) and w,(t) be continuous functions defined on [ty .t'] and let

m = sup |wy(t) - wa(t)]
tost st

From the hypothesis of the Lemma,

t .
|Aw,(t) - Awy(t) ]| = | It K(t, 7) [wy(7) - W) 1d T |
. _

t
= [ K] [wn) - won]dr
o]

smN<o , (5.10)

where, from (5.3},

t .
N = sup I |K(t,‘r)|d1' . (5.10a)
ty st <t' to

However, the existence of a fundamental matrix Z(t) in a neighborhood
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of the singular point t' is ‘unaffected by multiplication of the co-
efficient matrix in (5.4) by a scalar constant, since such a transfor-
mation of the coeffic_ient matrix merely produces a linear scaling of
the time axis. Such a constant may be chosen so that N« 1. Thus,
from (5. 10), the integral operator A is a contraction mapping, and as
is well known [5.27], a solution w(t) of the Volterra equation (4.19)
exiéts and is unique on the closed interval [t,,t']. Hence, since
wi(t) detérmines columns of Z(t), the left-hand limit

lim Z(t) = 2~ (5.11)
t—t'

exists. We now show that the existence of Z~ implies that [Mk(t)]
is equicontinuous at t =t'.
As is well known, [5.37, any solution of the Riccati equatibn may

be expressed in terms of Z(t) as

My (1) = [Zy(t) My(to) +22(t) ] [Zs(t) My(to) + 24()]™", (5.12)

where by assumption, the expression in the right-most bracket is non-
singular for all t in [ty ,t']. Equation (5.11) implies that, for
1si=s4,

lim Z(t) = %~ . (5.13)
t-t'

exists, and from Lemma 3.1,

lim M)L(t) = Mi
t—~t'

exists, where the above limits are taken through values t <t',
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In order to demonstrate that { My(t)} is equicontinuous at t=t',
the difference

| My - My |l | (5.14)

must be bounded by some guantity which is independent of A. By
performing elementary algebraic operations on (5.12), we obta;ln the

following expression for the difference {5.14):
My - My (0 = 12T - Zyity) My (to) + (22 -Zacty) - My, [(Zs =Zaty) M,y (to)

+(27 - Zat) 1] [Za(t) My (1) + 26(0)]7 || .. (5.15)

Let
S; = sup My
A
S; = sup sup [ Zs(t) M)L(tc)"'zdt)]fl ’
A tyStst
and

S; = sup M, (i)
A

Lemma 5.1 and (5.13) imply that S;, S; and S; are finite, For 1l sis= 4,
let |

I2; -2;m10 = et
where (5.13) implies that

Lim € (t) = 0 . : (5.16)
t-t -

In terms of the quantities just defined, (5.15) may be expressed as

I My - My (1) || 5 €x(t) 8285 + €2(t) Sz + €3(t) 515,85 + €4(1) 5,5,

= €(t) , (5.17)



121

where (5. 17) introduces the quantity €(t}. From (5.186),

lim €(t) = O
-t

and moreover, €(t) is independent of A. Therefore the set {Mk(t)}
is equicontinuous at t=t'. Since it was established previously that
the set is equicontinuous on [ty ,t'), it follows that [Mk(t)} is

equicontinuocus for all t in [tg,t'].

The hypothesis (5.3) of Lemma 5.2 is a reasonable requirement

to assure equicontinuity of [Ml(t)} since

Kt,t) =0 ,
for t in [ty,t') and

lim K(t',t)

t-t

is generally indeterminate. It must be emphasized however, that
condition (5.3} is sufficient, but not necessary. For example, the auto-
correlation fuﬁction cbnsidered in Example 2.1 fails to satisfy (5 .3),l
although the covariance M(t) in (2.34) is everywhere continuous. The

following example illustrates a case for which (5. 3) is satisfied.

Example 5.1. Let

r(t,7) = t2(1+7)7%, for t> 7
Then
g(t) = t? |
aﬁd
y(t) =(1 + p)t2
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The index function dZ(t) may be computed as
dg(t) = t* ,
and the kernel K(t,T) as

_ (2t+3tH) 27 -2t (2T+ 37H)
- 4
T

K(t,T)

The Riccatl equation corresponding to r(t,7) has one singular point
located at t =0, If t, is chosen close to t then K(t,7) does not

change sign for t, £ 7 < t. Therefore

t ) )
|“rt Ke,mdr|=[ [Kt,nldr= 311-+'t(ttozz -1,
s}

ty

which is finite for all t < 0 ,

The following Lemma will complete the discussion of the behavior

of the Riccati equation on the interval T, for which t € t'.

Lemma 5.3. Let r(t,T) satisfy the hypotheses of Lemmas 5.1 and

5.2, and also satisfy (5.3); Assume that
Te(® RN (D)

is continuous att=1t'. Let [Mi } be the set of matrices satisfying
lim My(t) = M

where [Mk(t)} is the totality of non-singular solutions of the Riccati

equation, and let {Me(t')} be the set of all non-singular matrices satis-

fying (3.22). Then, the set {M, } is dense in the set [_Mg(t')]. |



123

Proof. Let Mg (t') be any covariance matrix satisfying (3.22).
From Corollary 3.4, any matrix satisfying (3.22) may be written as
Ty Ri! I“kt + N, where N is a covariance satisfying N®, = 0. By
assumption, I‘k RT: I‘kT énd ‘;’k are contihuous. Hence, given any
€z >0, there exists a 6 >0 and a covariance maﬁx Ml(to) satisfy-
ing (3.22) such that || M (t') - My({to) | < €5, for all t, for which
[to-t'| < 6. The matrix M, (o} may be regarded as an initial
condition associated with a solution M, (t) of the Riccati equation.
From Lemma 5.1,

lim My(t) = M}
t -t A A

and from Lemma 5.2,
M), = M) (to) | < ¢
independent <ij X, for |t,-t'|<5.
From the triangle inequality [5.27,
I Mg(t') - My [ <M (') - My (to) | + || M, (t5) - My ]
<€t €& ,
where € and 65‘ may be made arbitrarily small by letting tg a.pproach

t'. Hence, the assertion is proved.

We now investigate solutions of the Riccati equation in the

interval T, where t > t', and will show that, for M(t) non-singular,
Lemmas 5.1, 5.2, and 5.3 remain valid if the Riccat] equation is

integrated backwards, i.e., in the direction of decreasing time.
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It will be convenient for the present discussion to reformulate
the factorization problem in terms of an anti-causal, i.e., purely

anticipative, shaping filter. Let the shaping filter be represented by
y _ ¥
x(t) = B7(t) u(t) (5.18a)
: t
y(ty =7 () x(t) , (5.18b)

where B*, v, and x are n-vectors, and u is scalar-valued white-noise.
. By a method analogous to that employed in Section 2.2, (5.18a) may be
integrated backwards to yield the following expression for the covariance

of the state-variable x(t).
max(t, T)

M* Tmax(t,7)7= E [x(t) x ()] = M" (to) + j‘t g o gty dr, (5.19)
(w]

for t- and 7 £ty . The method used to prove Lemma 2.1 may be applied
to the matrix M¥, introduced above, to show that M¥ is noﬁ—negative
definite and non-increasing.

In terms of M* , the autocorrelation function of y(t) may be
expressed as

rt,7) = ¥ (t) M* [max (t,7)] %1 .

But, from condition Al,
.¢t(t) U7 for t= Yy
r(t, ™) = ¢
¢ (r)yy(t) fort <7

Therefore, we may identify

p(t) = M¥(t) ¥(t) (5.20)
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By comparing (5.20) and (2.26), M(t) and M*(t) are related by

M7t = MYy
provided that M(t) and M*(t) are non-singular.

A matrix Riccat! equation may be formulated for M* which is

) (kth

and ¥ are inter-

similar to (3.21) except that the functions ¢(k+1
changed. The index functions di are unchanged. An initial condition
for this Riccatl equation must satisfy
‘bk(to) = M*(to) Tty o

and if the Riccati equation is integrated backwards, the solution M*(t)
will solve the factorization problem.

The glchal existence of M*(t), for t s t,, follows from considera-
tions analogous to those in Section 4.1.

If the Riccati equation has a si.ngular point at t = t', then

Lemma 5.1 implies that the right-hand limit

lim M¥(t) = M*"
t-t

exists and is finife. If M*(t) is non-singular, then M*+ is non-singular,
since M*(_t) is non-increasing. We may then define a positive definite
matrix M' as

MY = (m*y7h
If the set [M;-(t)} is the totality of finite solutions of the Riccatl equation
in the interval T, corresponding to non-singular initial conditions, then

+
the analcgue of Lemma 5.3 states that the set {Ml} is dense in the set
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[Mg (t')} of non-singular covariance matrices satisfying (3.22). Note that
in T;, the limits of integration in (5. 3) musf be interchanged, so that
tstst,.

Having established the validity of Lemmas 5.1 -3 on both intervals
T, and T,, the main result of this section is stated below.

Theorem 5.1. Define intervals T, and T, as T; = {(a,t') and T, = (t',Db).

Let r(t,T) satisfy conditions Al - A5 on T; and T;, and let d‘]i(t') = {},
Furthermore, let r(t,7) satisfy (5.3) in Ta.

Let M, be a non-singular covariance matrix satisfying (3.22).
Then there exists an admissible matrix M(t) which is continuous and
satisfies

Ty (1) = M(t) &y (1)

for all t in [t,,b), where M(t,) = M, , for t, in T;.

Proof. If M(t) is the solution of the Riccatl equation in T; corresponding
to the initial condition M, , then M(t) exists and is continuous in [ty,t']
and satisfies I} (t) = M(t) P (t) for t in [t,,t'). But Pk("c) and cpk(t)-
are continuous on [t,,t'], so that |

Tr(t') = M™ &, (t") ,
where

lim M(t) = M~
t =t

M~ is non-singular since M(t) is admissible and M, is non-singular.

Lemmas 5.2, 5.3, and the previous discussion imply that the totality
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of solutions on T, [M)t(t)] are equicontinuous on T,, and for any €> 0,
there exists a A such that

I MY =M | <e ,

+
where M) is the right-hand limit

+
Ilim My{t) = M
t -t Al A

From the Ascoli lemma, there exists a uniformly convergent subsequence
My (t) on T, such that
+ -

lm My, = M,

i—e

and lim My; (t) converges uniformly to a solution of the Riccati equation
-

on T,, and

lim lim M, (t) = M

t=t' i »e
Therefore, the solution M(t) has been extended continuously past the

singular point t=t'. Hence M(t) exists and is continuous for all t in

[ty - b).

It should be emphasized that equicontinuity was established only as
a sufficient and convenient means for producing the desired result, Equi-
continuity is not necessary. | For example, in the first-order case, the
unique solution of the factorization problem is given by M(t) = ‘yz(t)/r(t,t).
Since there is only one solution, it is meaningless to try to establish
equicontinuity of the totality of solutions by requiring (5. 3) to hold.

Indeed, for Exafnple 2.1, (5.3) is violated. Clearly, in the first-order
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case, the necessary and sufficient condition that M(t} be defined and
continuous at a singular point is that y*(t}/r(t,t) be defined and continu-

ous at the singular point.
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5.2 Riccati Equation Undefined on an Interval

Assumptions Al - A5 were shown to be sufficient to insure that
the factorization problem has a solution. In particular, assumption A5
allows the formulation of the Riccati equation, a solution of which was
shown to provide the desired factorization. However, according to
Lemma 3.5, _if di(t) =0 forall t inT, and for 0 £i s n-1, then
df(t) =0 for all t in T, and for all i > 0. In such a case, it is not
possible to define the Riccati equation on T, and the factorization
problem must be solved by other means. It will be shown below that the
factorization problem may be solved algebralcally, and the solution is a
covartance matrix M(t), which is constant on the interval T.

In order to moti{rate the main Theorem of this section, the follow-

. ing Lemmas will be proved.

Lemma 5.4. Letr(t,T) satisfy conditions Al -A4, and let df(t) = O
for t inT, and for 0 =i = k-1. If the processes Y(O)(t), ym(t), ey
y(k)(t), are linearly dependent at each t in a subinterval T of T,
then d‘;‘((t) =0 for t in T'. Furthermore, if ¢(t) and ¥(t) are each n
times differentiable, then under the previous hypothesesf d;(t) =0

for t in T', and for 0 £i s n-1,

Procof. The proof is a straightforward extension of the proofs of

Lemmas 3.4 and 3.5.

k)

As before, let. Yi(t) = col [y, ¥V (1), ... v (07,
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The assumption of Lemma 5.4 states that there exists a vector a(t) of
dimension k+ 1 such that

a"(t) Y (t) = 0

for t in T'. As in the proof of Lemma 3.4, the above expression may be
diff'erentiated, and assuming without loss of generality that the coefficient
of y(k)(t), ak(t) =1for t in T', an expression for y(kH)(t) may be
derived as a linear combination‘of the processes y(i)(t), for 0 si <k,

+
& (t) exists, and from Corollary 3.1, di(t) =0 on T.

Therefore, v
The above argument implies that there exists vector b(t) of
dimension k+2, such that the (k+2)~-nd coefficient bk+1 (t) is unity on
T', and such that
BYH Y, . (1) = O
( ) k+1( ) - ?
for t in T'. Differentiating the above expression yields an expression

+
k z)(t). Since ¢(t}) and ¥(t) are continuously differentiable n

for y
times by assumption, the function d|2<+l (t) exists, and from Corollary 3.1,

must vanish., Continuing the above argument by induction, proves

the assertion.:

The following Lemma provides a weak converse to Lemma 5.4.

Lemma 5.5. Let r(t,7) satisfy conditions Al - A3, let ¢(t) and ¥(t),
which are not identically zero be continuously differentiable n times,
and let d%(t) =0 for tin T, and for 0 $i < n-1. Then, there exists an

integer k, where 0 < k < n-1, such that the matrix R; (t} has rank k+1
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for all t in a subinterval T' of T, where k €1 < n-1.

Proof. According to I;.emma 5.4, if the components of the vector Yj(t)
are linearly dependent at each t in an interval T', then the componehts
of thé vector Y,(t), for £=J, are linearly dependent at each t in T'.
Let k be the largest integer for which the components of Yy (t') are
linearly independent for some t' in T, such th_at the -components of
Ykﬂ(t) are linearly dependent in a neighborhood of t'. Clearly, such an
integer must exist,since by assumption the given random process y(t)
does not vanish everywhere on T.

The integer k ts thus determined,and.thef':matri,_x'Rk(t') has rank k+1 at
the point t' in T, and is therefore non-singular. Since Ry(t) is continu-

ous, there exists a subinterval T' of T, continaing the point t', on

'+ which Ry(t) is non-singular, and such that R4, () has rank kt+1 on T',

be

From the previous Lemma, Rj(t) hasrank ktl on Tifork =i s n-1.

It'will be shown in the following Theorem that the matrix Ri(t) may

used to determine algebraically a solution of the factorization problem.

Theorem 5.2. Let r(t,7) satisfy conditions Al - A4, and assume that

the matrices Ry(t) and Ry, (t) have rank kt+1 everywhere on an interval -

T'. Let a matrix M(t} be defined as
M(t) = Ty (t) R () Ty E(t) .

Then M(t) is admissible . and satisfies
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I"k(t) = M(t) (bk(t)

for t in T', and therefore, M(t) provides a solution of the factorization

problem,

+
Proof. Since Ry(t) and Ry, (t) both have rank k+1 on T', then o (t)
may be expressed as a linear combination of the processes y(lj(t), where
0 =i sk, for tin T'. This linear combination may be expressed as

Yi(t) = A(t) Y (1) | (5.21)

for some matrix A{t). Post-multiplying (5.21) by th('r') ‘ and'taking the

expectation of the result, yields

)

3t Relt. ) = AL Ry (t,7) | (5.22)

where
' t
t

Re(t,r) = EQ¥R(0) Y (1)] . (5.23)
Transposing (5.22}, ‘and noting that

Ry (t,7) = Ry(r,t)
yields

B _ t

S Rkt T) = Ry (t,7) A () . (5.24)
For t> 7,

Rilt,7) = & (1) T (1) .

f The definition of Ry (t) in (3.5) coincides with Ry(t,T) defined by (5.23),
for 7 =t.
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and from equation (5.24),

SR (t,7) = & (1) T (1) = &5 (1) (M) A'(7)

(5.25)

Since ‘the concluding -discussion of Section 2.2 implies without loss.

of generality, that, the component functions 9,(t),

. ¢n(t) may be
assumed linearly independent functions on the interval T', (5.25) yields

N = Ty A" (5.26)
Define Mit) as
M(t) = Ty(t) REI(E) Ty (1) (5.27)

Clearly, M(t) is defined for all t in T',

From the proof of Theorem 3.4,
M(t) so defined is a covariance matrix and satisfies -

T (B) = M(t) & (t)
for all tin T'. In order to show that M(t) is admissible, it must be

established that M(t) is non-decreasing. We show below that M(t) is

constant for t in 'T' and is therefore non-decreasing.

Differentiating (5.27) yields

. _ -1 . _ . -1 t -1- t
M = - R R RE'T, + T R I + T RYIT

(5.28)
However, the derivative flk(t) may be expressed as
. d 3 3
= — o e— + —
Rk(t) dt Rk(trt) 3t Rk(t: ™) _ 3T Rk (t,7) _
T=t ™=t
= A(t) Ri(t) + Ry (t) A°(H) (5.29)

Substituting (5.26) and (5.29) into (5.28) yields
M = -Ty R} AR, BT - T R R AR Ty + Iy ATREI G + R AL
=0

[
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for all tin T*', Therefore M is an admissible matrix and r(t,T) may be

expressed as

r(t,T) = ¢ (t) Mo (T)  (5.30)

Since M is constant, the shaping filter has the form
x=0

y = ¢tx ' (5.31)

where the initial state X, is a random variable with covariance matrix M
defined by equation (5.27)}, and x(t) = X, . Furthermore, since the rank of
M is k+1, the shaping filter may be reduced to one of order k+1. Let S

represent the constant unitary matrix which diagonalizes M, so that

where A =diag [A;, ... lkﬂ ], and the scalars ?Li are the k+1 non-zero
eigenvalues of M. Since M is non-negative definite, }Li >0 for 1 =i <k+1.
Let 8; represent the submatrix of S which consists of the first k+1 rows
of 8, and define a vector ¢*(t) as
() = 81 o(t)

Note that w*(t) consists of k+1 components. One may verify in a straight-
forward fashion ‘that

(1) = 8" () Ma(r) = ¥t (1) no¥(n) (5.32)

Therefore, the shaping filter may be represented as
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= 0

y = ¥t ¥

’

and x* has dimension k+1. The components of the state-vector x* are .

random variables Xi* such that

(ki , for 1=}
E[xi*xj*]= 4 ]
L‘ 0 , for 1#j

If one desires to approximate an érbitrary continuous autocorrelation
function r(t,T) by one which is separable on a square, T X T, a logical
way to proceed might be to utilize the Karhunen-Loeve expansion. [5.4]7.

Define a sequence of random variables gi as
L
g = ()7 ITy(n 8 (1) dt

where the scalars A; are eigenvalues and the functions $;(t) are

orthonormal eigenfunctions of the autocorrelation r(t,T); i.e.,
j‘T r(t,7) ¢5(1) d7 = X ¢4(8)

The random variables §i are uncorrelated, and

[Fht]

Arandom process yn(t) may be defined as

- n
o) =) AT g A,

i=t1

where

1.1, t) = y(t) ,
anyn() y(t)

unifoi‘mly on T. The autocorrelation function of y,(t) may be expressed as
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n
Elyy(0ya(M] = 1a(t,7) = ) A19(5) 9;(7) (5.33)

i=1

and, by Mercer's Theorem, [5.5],
lim r, (t,T) = r(t, )
n=-w

where the series converges absolutely and uniformly on T X T, The auto-
correlation function rn(t,'r) is separable on T ®T, and will approximate
r{t, T) with any desired degree of accuracy, provided that n is chosen
sufficiently large.
Theorem 5.2 may be applied to the process yn(t) in order to obtain
a factorization of r(t,7). However, a factorization may be obtained
directly by inspection of (5.33). By setting
M = diag [Al,‘... Anl

‘an autonomous shaping filter may be described as in (5.31). Thus, the
Karhunen-Loeve expansion provides a method for approximating an arbitrary
autocorrelation function by another which admits factorization. However,
the autonomy of the resulting shaping may be a disadvantage, especially
for those signal processing applications which require speci.fication of the

whitening filter which inverts the operation of the shaping filter.
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CHAPTER VI

CONCLUSIONS

A shaping filter is a linear system which produces at its output
a possibly nonstationary random process with a given autocorrelation
function if a stationary white noise process is applied at its input,

This investigation was concerned with the synthesis of shaping filters
corresponding to separable and differentiable autocorrelation functions.
The determination of a shaping filter provides a solution of the so-called
factorization problem. The investigation may be regarded as an attempt
to establish a formal realizability theory relating the existence of a
shaping filter to properties which must be satisfied by an autocorrelation
function, The realizability theory is based on a set of conditions (Al - AS)
to be satisfied by the autocorrelation function. If the condifions are
satisfied, real-valued coefficients of the shaping filter may be deter-
mined by solving a matrix Riccati differential equation of order no greater
than the order of the shaping filter.

The model chosen to represent the shaping filter is a set of n
linear differential equationé in "state-variable" form without feedback,
and with a single input and single output. Although this form is often
unsuitable for practical simulation, its use is justified in establishing
the realizabllity theory because of the relative simplicity it offers to the

formulation and solution of the factorization problem. In many cases,
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known techniques of system theory allow the zero-feedback model to be
simulated by more practical configurations.

In order to formulate the Riccati equation leading to the shaping
filter, it was necessary to develop and prove new results concerning the
mean square differentiability of a random process. A non-negative
function d}Z{ (t) derived from the given autocorrelation function was shown
to govern the differentiability properties of the process. Specifically,
dzk(t) corresponds to an instantaneous power associated with the white-
noise component of the (k+1)St derivative of the given random process.
Since the inverse function df‘(t) appears as a coefficient of the Riccati
equation, the assumption that dzk(t) does not vanish guarantees the
existence of the Riccati equation. It was demonstrated in Chapter III
that there exists a solution of the Riccati equation which, in turn, solves
the factorization problem. By utilizing a set of k+1 linear constraints
developed in the same chapter, it was shown that the order of the
Riccati equation may be reduced from n to n-k-1,

| Conditions whiclh are sufficient to insure a global solution of the
Riccatiequation and hence, of the factorization problem, were develéped
by plading an upper bound on the initial condition associated with the
Riccati equation. Furthermore, it was demonstrated by example that the
finite escape time phenomenon and the asymptotic behavior of solutions
of the Riccati equation may bear an interesting relation which should be

explored in future research.
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A particularly Vimportant global propérty of the shaping filter is
stability. Stability was defined in the sense that a square-integrable
input produces a bouncied output. This type of stability is directly
related to salient properties of the given autocorrelation function. If
the autocorrelation function is uniformly bounded, the shaping filter will
be stable in the sense described provided that the conditions for a glohal
solution of the Riccati equation are also satisfied.

One of the most interesting results obtained here provides a
characterization of the autocorrelation functions which admit factori-
zation. The characterization employs a set of easlly applied criteria
which do not depend explicitly on the non-negative definite condition
which, as is well-known, must bé satisfied by an autocorrelation function.

In Chapter V, the class of autocorrelation functions under con-
sideration was broadened by admitting processes for which df{(t)
vanishes at an isolated point, and processes for which d"‘k(t) vanishes
for all k and for all t. In the former case, the Riccati equation has an
isolated singular point. Sufficient conditions were established allowing
the Riccati equation to have a solution which is defined and continuous
~ at the singular point. In the latter case, the factorization problem may
be solved by algebraic means. Autocorrelation functions in the latter
category include those corresponding to random processes which may be
represented exactly by a truncated Karhunen-Loeve expansion.

Thus, a realizability theory has been presented which defines a



141

large class of autocorrelation functions and establishes the existence

of the corresponding shaping filters. Moreover, the theory provides a
means for determining the coefficientslof the shaping filters. The class
of autocorrelation functions under coneideration is primarily limited by
the assumptions of separability and differentiability. Separability is a
necessary condition for realizing a shaping filter in state-variable form.
Differentiability is only a sufficient condition, although it is a physically
reasonable one. Future research may be eirected toward weakening the
differentiability assumption. For example, progress in this direction
might lead to shaping filters vyith piecewise differentiable, or switched,

coefficients.
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